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ABSTRACT
We present a detailed description of the three inequivalent twists of N = 4 su-
persymmetric gauge theories. The resulting topological quantum field theories are
reobtained in the framework of the Mathai-Quillen formalism and the correspond-
ing moduli spaces are analyzed. We study their geometric features in each case. In
one of the twists we make contact with the theory of non-abelian monopoles in the
adjoint representation of the gauge group. In another twist we obtain a topological
quantum field theory which is orientation reversal invariant. For this theory we
show how the functional integral contributions to the vacuum expectation values
leading to topological invariants notably simplify.
⋆ e-mail: labastida@gaes.usc.es
† e-mail: lozano@fpaxp1.usc.es
1. Introduction
Topological quantum field theory [1] constitutes a very fruitful framework to
apply and test different ideas emerged in the context of duality as a symmetry
of extended supersymmetric gauge theories. Two salient examples are the intro-
duction of Seiberg-Witten invariants in [2,3,4], and the strong coupling test of
S-duality carried out by Vafa and Witten in [5] from the analysis of a twisted
N = 4 supersymmetric gauge theory. Subsequent generalizations in the framework
of Seiberg-Witten invariants have been presented in [6-14]. However, no further
progress has been made on the role played by duality in twisted N = 4 super-
symmetric gauge theories. The main goal of this paper is to construct a sound
framework to pursue further developments on this issue.
The first analysis of twisted N = 4 supersymmetric gauge theories was carried
out by Yamron in [15] where he presented the structure of two of the possible
non-equivalent twists of these theories and pointed out the existence of a third
one. This third twist was first addressed by Marcus in [16]. These twists have not
been fully presented in these works. In the second section of this paper we will
describe in full detail the twisting procedure in each of the cases and we will present
complete off-shell topological actions for all the three cases. For the twist treated
by Vafa and Witten the construction completes the action presented in [5] while for
the twist treated by Marcus it provides an off-shell formulation which is equivalent
to the one recently obtained in [17]. In the case of the other twist we make contact
with the topological quantum field theory of non-abelian monopoles introduced in
[6] for the case in which matter fields are in the adjoint representation.
It is well known that topological quantum field theories obtained after twisting
N = 2 supersymmetric gauge theories can be formulated in the framework of the
Mathai-Quillen formalism. One would expect that a similar formulation should
exist for the N = 4 case. Though it turns out that this is so, there is an important
issue that has to be addressed to clarify what it is meant by a Mathai-Quillen
formulation in the latter case. Twisted N = 2 supersymmetric gauge theories have
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an off-shell formulation such that the topological quantum field theory action can
be expressed as aQ-exact expression, being Q the part of theN = 2 supersymmetry
which remains after the twisting and is valid on curved space. Actually, this is
true only up to a θ-term. However, due to the chiral anomaly inherent to the R-
symmetry of N = 2 supersymmetric gauge theories, observables are independent
of θ-terms up to a rescaling. This allows to disregard these terms and to just
consider the Q-exact part of the action which is precisely the one obtained in the
Mathai-Quillen formalism.
In N = 4 supersymmetric gauge theories θ-terms are observable. There is no
chiral anomaly and these terms can not be shifted away as in the N = 2 case. This
means that in the twisted theories one might have a dependence on the coupling
constants (in fact, this was one of the key observations in [5] to make a strong
coupling test of S-duality). This being so we first have to clarify what one expect
to be the form of the twisted theories in the framework of the Mathai-Quillen
formalism. To do this let us concentrate our attention on the part of the action of
a twisted theory (originated from any gauge theory with extended supersymmetry)
involving the gauge field strength,
SX = − 1
4e2
∫
X
√
gd4xTr(F µνFµν)− iθ
16π2
∫
X
Tr(F ∧ F ) + . . . , (1.1)
where X is an oriented Riemannian four-manifold and gµν a Riemannian metric
on it. We are using conventions such that,
k =
1
16π2
∫
X
Tr(F∧F ) = 1
32π2
∫
X
√
gTr(∗FµνF µν) = 1
32π2
∫
X
√
gTr
{
(F+)2−(F−)2},
(1.2)
gives the instanton number. We also take the path integral to be Z ∼ ∫ eS . Using
the decomposition of the field strength F into its self-dual and anti-selfdual parts,
F±µν =
1
2
(Fµν ± 1
2
ǫµνρσF
ρσ), (1.3)
2
(1.1) can be written in the following two forms:
SX =− 1
2e2
∫
X
√
gd4xTr(F+µνF+µν)− 2πiτ
1
16π2
∫
X
Tr(F ∧ F ) + . . .
=− 1
2e2
∫
X
√
gd4xTr(F−µνF−µν)− 2πiτ¯
1
16π2
∫
X
Tr(F ∧ F ) + . . . ,
(1.4)
being,
τ =
θ
2π
+
4πi
e2
. (1.5)
The twist consists of considering as the new rotation group an exotic sub-
group of the global group corresponding to the extended supersymmetry un-
der consideration. The global group of extended supersymmetry has the form
SU(2)L ⊗ SU(2)R ⊗ H where SU(2)L ⊗ SU(2)R constitutes the rotation group
and H the internal or isospin group. For N = 2, H = U(2), while for N = 4,
H = SU(4). In the twisting procedure one first selects one of the two components
of the rotation group and then replaces it by the diagonal sum of that component
with a SU(2) subgroup of the internal group. In the case of N = 2 this can be done
in only one way while for N = 4 there are three possibilities. These will be fully
described in the next section. What we intend to discuss here is the difference
between the two possible choices which are present when picking up one of the
components of the rotation group. It turns out that choosing one of them, say, the
left or twist T , one must consider the first form of the action in (1.4) since then,
after working out its off-shell formulation, it can be written as
STX =
1
2e2
∫
X
√
gd4x {Q,Λ} − 2πiτ 1
16π2
∫
X
Tr(F ∧ F ), (1.6)
for some Λ, while it one chooses the other one, the right or twist T˜ , one finds,
S T˜X =
1
2e2
∫
X
√
gd4x {Q˜, Λ˜} − 2πiτ¯ 1
16π2
∫
X
Tr(F ∧ F ), (1.7)
for some Λ˜ and some Q˜. These actions correspond to an orientable four-manifoldX
3
with a given orientation. The actions of the two twists are related in the following
way:
STX = S T˜X˜
∣∣∣
τ→−τ¯
, (1.8)
where the four-manifolds X and X˜ are related by a reversal of orientation.
For twisted theories originated from N = 2 supersymmetric gauge theories,
observables do not depend on e because it appears only in a term which is Q-exact.
They do not depend either on τ , up to a rescaling, due to the chiral anomaly. In
the case of twisted theories originated from N = 4 supersymmetric gauge theories,
however, observables are independent of e but possess a dependence on τ . In both
cases one needs to consider only one of the types of twist, say T , since, according
to (1.8), the other just leads to the observables that one would obtain considering
X˜ instead of X . In the first case this statement is exact and in the second case
one must supplement it with the replacement τ → −τ¯ . Therefore one can say
that up to a reversal of orientation there is only one possible twist from N = 2
supersymmetric gauge theories and three, as stated in [15] and described in detail
in the next section, from N = 4 theories.
After these remarks on the twisting procedure we will state what is meant by
a Mathai-Quillen formulation of topological quantum field theories resulting after
twisting N = 4 supersymmetric gauge theories. The Mathai-Quillen formulation
builds out of a moduli problem a representative of the Thom class associated to
the corresponding vector bundle. This representative can always be written as an
integral of the exponential of a Q-exact expression. The three twists of N = 4,
after working out their off-shell formulation, can be written as in (1.6). We will
present for each case the moduli problem which in the context of the Mathai-
Quillen approach leads to the Q-exact part of the action. In other words, we will
find out the geometrical content which is behind each of the three twists.
One of the three twists, the one first considered by Marcus in [16], possesses
special features. It turns out that the topological quantum field theories resulting
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from the twist T and from the twist T˜ are the same:
STX = S T˜X . (1.9)
We will call theories satisfying this property amphicheiral topological quantum
field theories. The reason for this name is that for these theories, after using (1.8),
STX = STX˜
∣∣∣
τ→−τ¯
, (1.10)
in other words, for a fixed twist the observables of the theory on X and on X˜ are
related after reversing the sign of their dependence on the real part of τ , i.e., of their
dependence on the θ-angle. Amphicheiral topological quantum field theories seem
to possess very special properties which make them rather simple. An example of
this type of theories, the one resulting from the third twist, will be analyzed in
sect. 4.
The paper is organized as follows. In sect. 2 we present a detailed descrip-
tion of the three twists of N = 4 supersymmetric gauge theories, obtaining their
off-shell formulation and their canonical form (1.6). In sect. 3 the three moduli
problems associated to each of the twists are presented and the construction of the
corresponding Thom class representatives is carried out making contact with the
actions obtained in sect. 2. In sect. 4 we discuss the observables of these theo-
ries and the special features of the amphicheiral topological quantum field theory
which results in the third the twist. Finally, in sect. 5 we state our conclusions.
An appendix describes our conventions and collects a set of useful formulas used
throughout the paper.
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2. Twisting of N = 4 Supersymmetric Gauge Theory
In this chapter we will obtain the actions and BRST-like symmetries which
result after twisting N = 4 supersymmetric gauge theories. We will first introduce
the N = 4 physical theory and then we will carry out in detail its three possible
twists.
2.1. N = 4 supersymmetric gauge theory
We begin with the standard N = 4 supersymmetric gauge theory on flat R4.
Our conventions regarding spinor notation are almost as in Wess and Bagger [18],
with some differences that we conveniently compile in the appendix. The field
content of the model is the following: a gauge field Aαα˙, gauginos λu
α and λ¯uα˙
transforming respectively in the representations 4 and 4¯ of SU(4)I (SU(4)I is the
global isospin group of the theory, and indices (u, v, w, . . .) label its fundamental
representation), and scalars φuv in the 6 of SU(4)I . All the fields above take values
in the adjoint representation of some compact Lie group G. Being in the represen-
tation 6, the scalars φuv satisfy antisymmetry and self-conjugacy constraints:
φuv = −φvu,
φuv = (φuv)
† = φ∗vu = −
1
2
ǫuvwzφwz; ǫ1234 = ǫ
1234 = +1.
(2.1)
The action for the model in Euclidean space is:
S = 1
e2
∫
d4xTr
{−1
8
∇αα˙φuv∇α˙αφuv − iλvα∇αα˙λ¯vα˙ − 1
4
FmnF
mn
− i√
2
λu
α[λvα, φ
uv] +
i√
2
λ¯uα˙[λ¯
vα˙, φuv] +
1
16
[φuv, φwz][φ
uv, φwz]
}
− iθ
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.2)
We have introduced the covariant derivative ∇αα˙ = σmαα˙(∂m + i[Am, ]) (together
with its corresponding field strength Fmn = ∂mAn − ∂nAm + i[Am, An]) and the
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trace Tr in the adjoint representation, which we normalize as follows: Tr(T aT b) =
δab, being T a, a = 1, . . . ,dim(G), the hermitian generators of the gauge group in
the adjoint representation. The action (2.2) is invariant under the following four
supersymmetries (in SU(4)I covariant notation):
δAαα˙ = −2iξ¯uα˙λuα + 2iλ¯uα˙ξuα,
δλuα = −iF+αβξuβ + i
√
2ξ¯vα˙∇αα˙φvu − iξwα[φuv, φvw],
δφuv =
√
2
{
ξu
αλvα − ξvαλuα + ǫuvwz ξ¯wα˙λ¯zα˙
}
,
(2.3)
where F+α
β = σmnα
βFmn. Notice that there are no auxiliary fields in the action
(2.2). Correspondingly, the transformations (2.3) close the supersymmetry algebra
on-shell.
As already discussed in the introduction, in R4, the global symmetry group
of N = 4 supersymmetric theories is H = SU(2)L ⊗ SU(2)R ⊗ SU(4)I , where
K = SU(2)L⊗SU(2)R is the rotation group SO(4). The supersymmetry generators
responsible for the transformations (2.3) are Quα and Q¯uα˙ They transform as
(2, 1, 4¯)⊕ (1, 2, 4) under H.
From the point of view of N = 1 superspace, the theory contains one N = 1
vector multiplet and three N = 1 chiral multiplets. These supermultiplets are
represented in N = 1 superspace by superfields V and Φs (s = 1, 2, 3), which
satisfy the constraints V = V † and D¯α˙Φs = 0, being D¯α˙ a superspace covariant
derivative. The physical component fields of these superfields are:
V −→ Aαα˙, λ4α, λ¯4α˙,
Φs,Φ
†s −→ Bs, λsα, B†s, λ¯sα˙.
(2.4)
In terms of these fields, the SU(4)I tensors that we introduced above are defined
as follows:
{4} → λu = {λ1, λ2, λ3, λ4},
{6} → φuv ∼ {Bs, B†s},
{4¯} → λ¯u = {λ¯1, λ¯2, λ¯3, λ¯4},
(2.5)
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where by ∼ we mean precisely:
φuv =


0 −B†3 B†2 −B1
B†3 0 −B†1 −B2
−B†2 B†1 0 −B3
B1 B2 B3 0

 , φuv =


0 B3 −B2 B†1
−B3 0 B1 B†2
B2 −B1 0 B†3
−B†1 −B†2 −B†3 0

 .
(2.6)
The action (2.2) takes the following form in N = 1 superspace:
S =− i
4π
τ
∫
d4xd2θTr(W 2) +
i
4π
τ¯
∫
d4xd2θ¯Tr(W †2)
+
1
e2
3∑
s=1
∫
d4xd2θd2θ¯Tr(Φ†seV Φs)
+
i
√
2
e2
∫
d4xd2θTr
{
Φ1[Φ2,Φ3]
}
+
i
√
2
e2
∫
d4xd2θ¯Tr
{
Φ†1[Φ†2,Φ†3]},
(2.7)
where Wα = − 116D¯2e−VDαeV .
2.2. Twisting N = 4 Supersymmetry Gauge Theory
The purpose of this section is to analyze in detail the twists of N = 4 super-
symmetric gauge theory. We assume that the reader is familiar with the analogous
(yet simpler) procedure in N = 2 theories [1,20,19,21,22]. The aim of the twist
is to extract from the supersymmetries of the theory under consideration one (or
several) scalar BRST-like symmetries which can be readily generalized to any ar-
bitrary four manifold. To create a scalar supercharge out of spinor supercharges
one has to modify somehow the rotation group. The idea, as discussed in the in-
troduction, is to replace one of the SU(2) components of the rotation group K by
its diagonal sum with an SU(2) subgroup of the isospin group SU(4)I . Depending
on how we choose this subgroup, we will obtain different theories after the twist-
ing. The possible choices are found just analyzing how the 4 of SU(4)I splits in
terms of representations of the rotation group K. There are just three possibili-
ties for a given choice of the SU(2) component of K: (1) 4 → (2, 1)⊕ (2, 1), (2)
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4 → (2, 1) ⊕ (1, 1) ⊕ (1, 1) and (3) 4 → (2, 2), each of which leads to a different
topological quantum field theory. Choosing the other SU(2) component of K one
would obtain the other three T˜ twists: 4→ (1, 2)⊕(1, 2), 4→ (1, 2)⊕(1, 1)⊕(1, 1)
and 4→ (2, 2). As described in the introduction all these twists are related to the
other ones after a reversal of orientation of the four-manifold X . Notice that in
the third case both twists, T and T˜ , involve the same splitting of the 4 of SU(4)I ,
anticipating its amphicheiral character.
(1) 4→ (2, 1)⊕ (2, 1) Vafa-Witten Theory
This is the twist that has been considered by Vafa and Witten in [5]. After
the twisting, the symmetry group of the theory becomes H′ = SU(2)′L⊗SU(2)R⊗
SU(2)F , where SU(2)F is a subgroup of SU(4)I that commutes with the defining
identification 4 → (2, 1) ⊕ (2, 1) and remains in the theory as a residual isospin
group. Under H′, the supercharges split up as,
Qvα → Qi, Qiαβ, Q¯vα˙ → Q¯iαα˙, (2.8)
where the index i labels the fundamental representation of SU(2)F . The twist
has produced a scalar supercharge, the SU(2)F doublet Q
i. This scalar charge is
defined in terms of the original supercharges as follows:
Qi=1 ≡ Qv=1α=1 +Qv=2α=2,
Qi=2 ≡ Qv=3α=1 +Qv=4α=2.
(2.9)
The fields of the N = 4 multiplet decompose under H′ in the following manner:
Aαα˙ −→ Aαα˙,
λvα −→ χiβα, ηi,
λ¯vα˙ −→ ψiαα˙,
φuv −→ ϕij , Gαβ .
(2.10)
Notice that the fields χiαβ and Gαβ are symmetric in their spinor indices and there-
fore can be regarded as components of self-dual two-forms. ϕij is also symmetric
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in its isospin indices and thus transforms in the representation 3 of SU(2)F . Some
of the definitions in (2.10) need clarification. Our choices for the anticommuting
fields are,
χi=1(αβ) =


χi=1(11) = λv=1,α=1,
χi=1(12) =
1
2(λv=1,α=2 + λv=2,α=1),
...
ηi=1 = λv=1,α=2 − λv=2,α=1,
ψi=1,α=1,2α˙ = λ¯
v=1,2
α˙ ,
(2.11)
while for the scalars φuv:
ϕij =
(
φ12
1
2(φ14 − φ23)
1
2(φ14 − φ23) φ34
)
,
Gαβ =
(
φ13
1
2(φ14 + φ23)
1
2(φ14 + φ23) φ24
)
.
(2.12)
In terms of the twisted fields, the N = 4 action (2.2) takes the form (remember
that we are still on flat R4):
S(0) = 1
e2
∫
d4xTr
{ 1
4
∇αα˙ϕij∇α˙αϕij − 1
4
∇αα˙Gβγ∇α˙αGβγ − iψjβα˙∇α˙αχjαβ
− i
2
ψjαα˙∇α˙αηj −
1
4
FmnF
mn − i√
2
χi
αβ[χjαβ , ϕ
ij] +
i√
2
χiαβ[χiαγ , G
βγ ]
− i√
2
χiαβ[ηi, G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij ] +
i√
2
ψiαα˙[ψiβ
α˙, Gα
β]
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij ] +
1
4
[ϕij , ϕkl][ϕ
ij , ϕkl]− 1
2
[ϕij , Gαβ][ϕ
ij , Gαβ ]
+
1
4
[Gαβ , Gγδ][G
αβ , Gγδ]
}− iθ
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.13)
The Qi-transformations of the twisted theory can be readily obtained from the
corresponding N = 4 supersymmetry transformations. These last transformations
are generated by ξv
αQvα + ξ¯
v
α˙Q¯v
α˙. According to our conventions, to obtain the
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Qi-transformations one must set ξ¯vα˙ = 0 and make the replacement:
ξvα =
{
ξv=(1,2)α → ǫi=1Cβ=(1,2)α,
ξv=(3,4)α → ǫi=2Cβ=(1,2)α,
(2.14)
where Cβα (or Cβ˙α˙, Cij) is the antisymmetric (invariant) tensor of SU(2) with the
convention C21 = C
12 = +1. The resulting transformations are:
δAαα˙ = 2iǫjψ
j
αα˙,
δF+αβ = 2ǫi∇(αα˙ψiβ)α˙,
δψiαα˙ = −i
√
2ǫj∇αα˙ϕji + i
√
2ǫi∇βα˙Gβα,
δχiαβ = −iǫiF+αβ − iǫi[Gγα, Gγβ]− 2iǫj [Gαβ, ϕji],
δηi = 2iǫk[ϕij , ϕ
jk],
δϕij =
√
2ǫ(iηj),
δGαβ =
√
2ǫiχiαβ ,
(2.15)
where, for example, ǫ(iηj) =
1
2(ǫiηj + ǫjηi). The transformations (2.15) satisfy the
on-shell algebra [δ1, δ2] = 0 modulo a non-abelian gauge transformation generated
by the scalars ϕij . For example, [δ1, δ2]Gαβ = −4
√
2iǫ1
iǫ2
j [ϕij , Gαβ]. In checking
the algebra, use has to be made of the equations of motion for the anticommuting
fields ψiαα˙ and χ
i
αβ . In terms of the generators Q
i, the algebra takes the form:
{Q1, Q1} = δg(ϕ22),
{Q1, Q2} = δg(ϕ12),
{Q2, Q2} = δg(ϕ11),
(2.16)
where by δg(Φ) we denote the non-abelian gauge transformation generated by, say,
Φ. As explained in [15], it is possible to realize the algebra off-shell by inserting
the auxiliary fields Nαβ (symmetric in its spinor indices) and Mαα˙ in the trans-
formations of ψiαα˙ and χ
i
αβ . This is the opposite to the situation one encounters
in the associated physical N = 4 theory, where an off-shell formulation in terms
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of unconstrained fields is not possible. After some suitable manipulations [23], the
off-shell formulation of the twisted theory takes the form:
S(1) = 1
e2
∫
d4xTr
{ 1
4
∇αα˙ϕij∇α˙αϕij + i√
2
M α˙α∇βα˙Gβα − iψjβα˙∇α˙αχjαβ
− i
2
ψjαα˙∇α˙αηj +
i
2
NαβF+αβ −
i√
2
χi
αβ[χjαβ , ϕ
ij ] +
i√
2
χjαβ [χjαγ , G
βγ ]
− i√
2
χjαβ [ηj , G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij] +
i√
2
ψjαα˙[ψjβ
α˙, Gα
β ]− 1
4
Mαα˙M
α˙α
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij ] +
1
4
[ϕij , ϕkl][ϕ
ij , ϕkl]− 1
2
[ϕij , Gαβ][ϕ
ij , Gαβ ]
+
1
4
NαβN
αβ +
i
2
Nαβ[Gγ
α, Gγβ]
}− 2πiτ 1
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.17)
The corresponding off-shell transformations are:
δAαα˙ = 2iǫjψ
j
αα˙,
δF+αβ = 2ǫi∇(αα˙ψiβ)α˙,
δψiαα˙ = −i
√
2ǫj∇αα˙ϕji + ǫiM ′αα˙,
δχiαβ = −2iǫj [Gαβ , ϕji] + ǫiN ′αβ ,
δηi = 2iǫj [ϕik, ϕ
jk],
δϕij =
√
2ǫ(iηj),
δGαβ =
√
2ǫjχjαβ ,
δM ′αα˙ = ǫ
i
{−i∇αα˙ηi + 2√2i[ψjαα˙, ϕij ]},
δN ′αβ = ǫ
i
{√
2i[ηi, Gαβ ]− 2
√
2i[χjαβ , ϕ
j
i]
}
.
(2.18)
With the aid of the transformations (2.18) it is easy (but rather lengthy) to show
that the action (2.17) can be written as a double Q-commutator plus a τ -dependent
term, that is,
ǫ2S(1) = δ2Λ− ǫ22πikτ = −1
2
ǫ2{Qi, [Qi,Λ]} − ǫ22πikτ, (2.19)
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(here δ ≡ ǫi[Qi, }), with
Λ =
1
e2
∫
d4x
{ i
2
√
2
F+αβG
αβ +
1
4
√
2
NαβG
αβ +
1
8
ψjαα˙ψ
jα˙α
+
i
6
√
2
Gαβ [G
β
γ , G
γα]− i
12
√
2
ϕij [ϕ
j
k, ϕ
ik]
}
.
(2.20)
The next step is to couple the theory to an arbitrary background metric gµν of
Euclidean signature. This can be done as follows: first, covariantize the expression
(2.20) and the transformations (2.18); second, define the new action to be δ2Λcov.
The resulting action is:
S(1)c = 1
e2
∫
X
d4x
√
gTr
{ 1
4
∇αα˙ϕij∇α˙αϕij + i√
2
M α˙αDβα˙Gβα − iψjβα˙Dα˙αχjαβ−
− i
2
ψjαα˙∇α˙αηj +
i
2
NαβF+αβ −
i√
2
χi
αβ[χjαβ , ϕ
ij ] +
i√
2
χjαβ [χjαγ , G
βγ ]−
− i√
2
χjαβ [ηj , G
αβ]− i
2
√
2
ηi[ηj , ϕ
ij] +
i√
2
ψjαα˙[ψjβ
α˙, Gα
β ]− 1
4
Mαα˙M
α˙α
− i√
2
ψiαα˙[ψ
j
α
α˙, ϕij ] +
1
4
[ϕij , ϕkl][ϕ
ij , ϕkl]− 1
2
[ϕij , Gαβ][ϕ
ij , Gαβ ]
+
1
4
NαβN
αβ +
i
2
Nαβ[Gγ
α, Gγβ]
}− 2πiτ 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν },
(2.21)
where we have introduced the full covariant derivative Dαα˙. The action (2.21)
is, by construction, invariant under the appropriate covariantized version of the
transformations (2.18).
A sensible action for a so-called cohomological topological quantum field theory
is expected to meet two basic requirements. First of all, it should be real, since we
will eventually interpret it as a real differential form defined on a certain moduli
space. Likewise, it must display a non-trivial ghost number symmetry which, from
the geometrical viewpoint, corresponds to the de Rham grading on the moduli
space. These requirements are not fulfilled by the action (2.21). First of all, it is
not manifestly real because it contains fields in the fundamental representation of
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SU(2)F , which are complex. Second, it is not possible to assign a non-trivial ghost
number to the fields in (2.21).
We solve these problems by breaking the SU(2)F internal symmetry group of
the theory down to its T3 subgroup. This allows to introduce a non-anomalous
ghost number in the theory (basically twice the corresponding charge under T3).
With respect to this ghost number, the field content of the theory can be reor-
ganized as follows (in the notation of reference [5]): with ghost number +2, we
have the scalar field φ ≡ ϕ11; with ghost number +1, the anticommuting fields
ψαα˙ ≡ iψ1αα˙, ψ˜αβ ≡ χ1αβ and ζ ≡ iη1; with ghost number 0, the gauge connection
Aαα˙, the scalar field C ≡ iϕ12, the self-dual two-form Bαβ ≡ Gαβ and the auxiliary
fields Hαβ ≡ iNαβ and H˜αα˙ ≡ Mαα˙; with ghost number −1, the anticommuting
fields χαβ ≡ iχ2αβ , χ˜αα˙ ≡ ψ2αα˙ and η ≡ η2; and finally, with ghost number −2,
the scalar field φ¯ ≡ ϕ22. Notice that now we can consistently assume that all the
fields above are real, in order to guarantee the reality of the topological action.
In terms of these new fields, and after making the shifts:
H˜ ′αα˙ = H˜αα˙ +
√
2∇αα˙C,
H ′αβ = Hαβ + 2i[Bαβ , C],
(2.22)
the action (2.21) takes the form:
14
S(2)c = 1
e2
∫
X
d4x
√
gTr
{ 1
2
Dαα˙φ¯Dα˙αφ− 1
4
H˜ ′α˙α
(
H˜ ′αα˙ − 2
√
2Dαα˙C − 2
√
2iDβα˙Bβα
)
− 1
4
H ′αβ
(
H ′αβ − 2F+αβ − 2 [Bγα, Bβγ ]− 4i [Bαβ, C]
)− iψβα˙Dα˙αχαβ
− iχ˜βα˙Dα˙αψ˜αβ − 1
2
χ˜αα˙Dα˙αζ + 1
2
ψαα˙Dα˙αη − i√
2
ψ˜αβ[ψ˜αβ , φ¯]
+
i√
2
χαβ [χαβ , φ]− i
√
2 ψ˜αβ[χαβ , C]−
√
2 ψ˜αβ [χαγ , B
βγ ]
+
i√
2
χαβ [ ζ, B
αβ] +
i√
2
ψ˜αβ [ η, B
αβ] +
i
2
√
2
ζ [ζ, φ¯]− i
2
√
2
η [η, φ]
− i√
2
ζ [η, C] +
√
2ψαα˙[χ˜β
α˙, Bαβ]− i√
2
χ˜αα˙[χ˜α
α˙, φ]
+
i√
2
ψαα˙[ψα
α˙, φ¯]− i
√
2ψαα˙[χ˜α
α˙, C]− 1
2
[φ, φ¯]2 + 2[φ, C][φ¯, C]
− [φ,Bαβ ][φ¯, Bαβ]
}− 2πiτ 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }.
(2.23)
The analysis of the bosonic part of a topological action is of great importance.
Apart from comparing to the corresponding theory on flat R4 (and possibly un-
veiling some non-minimal curvature couplings which are exclusive of the theory on
general four-manifolds), it enables us to search for vanishing theorems that can be
used to constrain the space on which the path integral localizes when passing to
the weak coupling limit. After integrating out the auxiliary fields in (2.23) we find
for the bosonic part of the action not involving the scalars φ and φ¯ the following
expression:
∫
X
d4x
√
gTr
{ 1
2
(Dαα˙C + iDβα˙Bβα )2
+
1
4
(
F+αβ + [Bγα, Bβ
γ ] + 2i [Bαβ , C]
)2 }
.
(2.24)
Expanding the squares in this expression one obtains,
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∫
X
d4x
√
gTr
{−1
2
DµCDµC − 1
2
(Dβα˙BβαDγα˙Bγα − F+αβ[Bγα, Bβγ ] )
− 1
2
F+µνF
+µν + [B+µν , B
+
τλ][B
+µν , B+τλ] + 2[B+µν , C][B
+µν , C]
}
.
(2.25)
where we have used Dαα˙ = σmαα˙Dm and F+αβ ≡ σµναβF+µν , Bαβ ≡ σµναβB+µν . Let us
now focus on the expression inside the parenthesis. Further expansion leads to the
identity:
∫
X
d4x
√
gTr
{−1
2
Dβα˙BβαDγα˙Bγα + 1
2
F+αβ[Bγα, Bβ
γ ]
}
=
∫
X
d4x
√
gTr
{−DµB+νλDµB+νλ − 12RB+µνB+µν +RµντλB+µνB+τλ },
(2.26)
(using again Bαβ ≡ σµναβB+µν). If we now express the Riemann tensor in (2.26) in
terms of its irreducible components [24],
Rµντλ =
1
2
(gµτRνλ − gµλRντ − gντRµλ + gνλRµτ )
− R
6
(gµτgνλ − gντgµλ) + Cµντλ,
(2.27)
with Cµντλ the Weyl tensor, we finally obtain,
∫
X
d4x
√
gTr
{−1
2
Dβα˙BβαDγα˙Bγα + 1
2
F+αβ[Bγα, Bβ
γ ]
}
=
∫
X
d4x
√
gTr
{−DµB+νλDµB+νλ − B+µν( 16R (gµτgνλ − gντgµλ)− Cµντλ )B+τλ }.
(2.28)
Notice that all the terms in (2.24) are negative definite except the terms contained
in this last equation which involve the scalar curvature and the Weyl tensor.
The associated fermionic symmetry splits up as well into BRST (Q+ ≡ Q1)
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and anti-BRST (Q− ≡ iQ2) parts. The explicit formulas are:
[Q+, Aαα˙] = −2ψαα˙,
{Q+, ψαα˙} = −
√
2Dαα˙φ,
[Q+, φ] = 0,
[Q+, Bαβ] =
√
2ψ˜αβ ,
{Q+, ψ˜αβ} = 2i [Bαβ , φ],
[Q+, C] =
1√
2
ζ,
{Q+, ζ } = 4i [C, φ],
[Q+, φ¯] =
√
2 η,
{Q+, η } = 2i [φ¯, φ],
{Q+, χ˜αα˙} = H˜ ′αα˙,
[Q+, H˜ ′αα˙] = 2
√
2i [χ˜αα˙, φ],
{Q+, χαβ} = H ′αβ ,
[Q+, H ′αβ] = 2
√
2i [χαβ , φ],
[Q−, Aαα˙] = −2χ˜αα˙,
{Q−, χ˜αα˙} =
√
2Dαα˙φ¯,
[Q−, φ¯ ] = 0,
[Q−, Bαβ] = −
√
2χαβ,
{Q−, χαβ} = 2i [Bαβ, φ¯],
[Q−, C] = − 1√
2
η,
{Q−, η } = 4i [C, φ¯],
[Q−, φ] =
√
2 ζ,
{Q−, ζ } = −2i [φ, φ¯],
{Q−, ψαα˙} = −H˜ ′αα˙ + 2
√
2Dαα˙C,
[Q−, H˜ ′αα˙] = −2Dαα˙η + 2
√
2i [ψαα˙, φ¯ ]
− 4
√
2i [ χ˜αα˙, C],
{Q−, ψ˜αβ} = H ′αβ − 4i [Bαβ, C ],
[Q−, H ′αβ] = −2
√
2i [ψ˜αβ , φ¯]− 4
√
2i [χαβ, C]
− 2
√
2i [Bαβ, η],
(2.29)
satisfying the algebra,
{Q+, Q+} = δg(φ),
{Q−, Q−} = δg(−φ¯),
{Q+, Q−} = δg(C).
(2.30)
The τ -independent part of the action (2.23) can be written either as a BRST
(Q+) commutator or as an anti-BRST (Q−) commutator. Let us focus on the
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former possibility. The appropriate “gauge” fermion turns out to be:
Ψ =
1
e2
∫
X
d4x
√
gTr
{−1
4
χ˜α˙α
(
H˜ ′αα˙ − 2
√
2Dαα˙C − 2
√
2iDβα˙Bβα
)
− 1
4
χαβ
(
H ′αβ − 2F+αβ − 2 [Bγα, Bβγ ]− 4i [Bαβ , C]
) }
+
1
e2
∫
X
d4x
√
gTr
{ 1
2
√
2
φ¯
(Dαα˙ψα˙α + i√2 [ψ˜αβ , Bαβ]− i√2 [ζ, C] )}
− 1
e2
∫
X
d4x
√
gTr
{ i
4
η[φ, φ¯]
}
.
(2.31)
For reasons of future convenience we will rewrite (2.31) in vector indices. With
the definitions, Xαα˙
def
= σµαα˙Xµ, and, Yαβ
def
= σµναβYµν , for any two given fields X
and Y , (2.31) takes the form:
Ψ =
1
e2
∫
X
d4x
√
gTr
{ 1
2
χ˜µ
(
H˜ ′µ − 2
√
2DµC + 4
√
2DνB+νµ
)
+
1
2
χ+µν
(
H ′+µν − 2F+µν − 4i [B+µτ , B+τν ]− 4i[B+µν , C]
) }
− 1
e2
∫
X
d4x
√
gTr
{ 1
2
√
2
φ¯
(
2Dµψµ + 2
√
2i [ψ˜+µν , B
+µν ] +
√
2i [ζ, C]
)}
− 1
e2
∫
X
d4x
√
gTr
{ i
4
η[φ, φ¯]
}
.
(2.32)
The gauge fermion, in turn, can itself be written as an anti-BRST commutator
(2.19):
Ψ =
{
Q−,
1
e2
∫
X
d4x
√
gTr
( − 1
2
√
2
Bαβ
(
F+αβ −
1
2
H ′αβ +
1
3
[Bαγ , Bβ
γ ]
)
+
i
2
√
2
C [φ, φ¯ ] +
1
4
ψαα˙χ˜
α˙α
) }
.
(2.33)
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(2) 4 −→ (2, 1)⊕ (1, 1)⊕ (1, 1) Adjoint Non-Abelian Monopoles (Half-Twisted Theory)
As explained in [15], this amounts to a breaking of the SU(4)I isospin group
down to a subgroup SU(2)A⊗SU(2)F⊗U(1) and then a replacement of the SU(2)L
factor of the rotation group by the diagonal sum SU(2)′L of SU(2)L and SU(2)A.
The subgroup SU(2)F⊗U(1) remains in the theory as an internal symmetry group.
Hence, we observe that, as a by-product of the twisting procedure, it remains in
the theory a U(1) symmetry which was not present in the original N = 4 theory,
and which becomes, as we shall see in a moment, the ghost number symmetry
associated to the topological theory. With respect to the new symmetry group
H′ = SU(2)′L⊗SU(2)R⊗SU(2)F ⊗U(1) the supercharges Qvα split up into three
supercharges: Q(βα) ⊕ Q ⊕ Qiα, where the index i labels the representation 2 of
SU(2)F . In more detail,
Qv=1,2,3,4α →


Qv=1,2α → Qβα →
{
Q = −Qαα ≡ −Qv=22 −Qv=11,
Q(βα) = −Cγ(βQβα),
Qv=3α → Qi=1α ,
Qv=4α → Qi=2α .
(2.34)
The conjugate supercharges Q¯vα˙ split up accordingly into a vector isosinglet and
a right-handed spinor isodoublet supercharge, Q¯αα˙ ⊗ Q¯iα˙.
The fields of the N = 4 multiplet give rise, after the twisting, to the following
topological multiplet (in the notation of reference [15]):
Aαα˙ −→ A(0)αα˙ ,
λvα −→ χ(−1)βα , η(−1), λ
(+1)
iα ,
λ¯vα˙ −→ ψ(+1)αα˙ , ζ(−1)iα˙ ,
φuv −→ B(−2), C(+2), G(0)iα ,
(2.35)
where we have indicated the ghost number carried by the fields after the twisting
by a superscript. Some of the definitions in (2.35) need clarification. Our choices
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for the anticommuting fields are:
λvα =


λ(v=1,2)α → λβα →
{
χβα = λ(βα),
η = 2λ[βα],
λ(v=3,4)α → λiα,
λ¯vα˙ =
{
λ¯v=1,2α˙ → ψαα˙,
λ¯v=3,4α˙ → ζ iα˙,
(2.36)
whereas for the commuting ones:
B = φ12,
Giα =
{
G(i=1)1 = φ13,
G(i=1)2 = φ23,
C = φ34,
G(i=2)1 = φ14,
G(i=2)2 = φ24.
(2.37)
In terms of the twisted fields, the action for the theory (on flat R4) takes the
form:
S(0) = 1
e2
∫
d4xTr
{ 1
2
∇αα˙B∇α˙αC − 1
4
∇αα˙Giβ∇α˙αGiβ − iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη − iζ iα˙∇α˙αλiα − 1
4
FmnF
mn − i√
2
χαβ [χαβ , C]
− i√
2
λiα[λiα, B] + i
√
2χαβ[λiα, G
i
β] +
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C]
+
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα] +
i√
2
ζiα˙[ζ
iα˙, C]− 1
2
[B,C]2
− [B,Giα][C,Giα] + 1
4
[Giα, Gjβ][G
iα, Gjβ ]
}− iθ
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.38)
To obtain the corresponding topological symmetry we proceed as follows. First
of all, we recall that the N = 4 supersymmetry transformations (2.3) are gen-
erated by ξv
αQvα + ξ¯
v
α˙Q¯v
α˙. According to our conventions, to obtain the Q-
transformations we must set ξ¯vα˙ = 0 and make the replacement:
ξvα =
{
ξ(v=1,2)α → ǫCβα,
ξ(v=3,4)α → 0.
(2.39)
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The resulting transformations turn out to be:
δAαα˙ = 2iǫψαα˙,
δψαα˙ = −i
√
2ǫ∇αα˙C,
δC = 0,
δχαβ = −iǫF+αβ − iǫ[Giα, Giβ ],
δζjα˙ = −i
√
2ǫ∇αα˙Gjα,
δGjα = −
√
2ǫλjα,
δλjα = −2iǫ[Gjα, C],
δF+αβ = 2ǫ∇(αα˙ψβ)α˙,
δB =
√
2ǫη,
δη = 2iǫ[B,C].
(2.40)
The BRST generator Q associated to the transformations (2.40) satisfies the on-
shell algebra {Q,Q} = δg(C) where by δg(C) we mean a non-abelian gauge trans-
formation generated by C. It is possible to realize this algebra off-shell, i.e., without
the input of the equations of motion for some of the fields in the theory. A minimal
off-shell formulation can be constructed by introducing in the theory the auxiliary
fields Nαβ (symmetric in its spinor indices) and P
i
α (both with ghost number 0).
The off-shell BRST transformations which correspond to the enlarged topological
multiplet can be cast in the form:
[Q,Aαα˙] = 2iψαα˙,
[Q,F+αβ ] = 2∇(αα˙ψβ)α˙,
[Q,Gjα] = −
√
2λjα,
{Q, χαβ} = Nαβ ,
{Q, ζjα˙} = P jα˙,
[Q,B] =
√
2η,
{Q,ψαα˙} = −i
√
2∇αα˙C,
[Q,C] = 0,
{Q, λjα} = −2i[Gjα, C],
[Q,Nαβ] = 2
√
2i [χαβ , C],
[Q,P iα˙] = 2
√
2i [ζ iα˙, C],
{Q, η } = 2i[B,C].
(2.41)
After some suitable manipulations [23], the off-shell action which corresponds
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to the topopological symmetry (2.41) is:
S(1) = 1
e2
∫
d4xTr
{ 1
2
∇αα˙B∇α˙αC + 1
4
Pi
α˙
(
P iα˙ + 2
√
2i∇αα˙Giα
)− iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη − iζj α˙∇α˙αλjα + 1
4
Nαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
)
− i√
2
χαβ[χαβ , C]− i√
2
λiα[λiα, B] + i
√
2χαβ [λiα, G
i
β] +
i√
2
ζiα˙[ζ
iα˙, C]
+
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα]
− 1
2
[B,C]2 − [B,Giα][C,Giα]
}− 2πiτ 1
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.42)
The τ -independent part of the topological action above is, as it could be expected,
BRST-exact, that is, it can be written as {Q,Ψ }. The appropriate gauge fermion
is easily seen to be:
Ψ =
1
e2
∫
d4xTr
{ 1
4
ζi
α˙
(
P iα˙ + 2
√
2i∇αα˙Giα
)
+
1
4
χαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
) }
− 1
e2
∫
d4xTr
{ i
2
√
2
B
(∇αα˙ψα˙α −√2 [Giα, λiα] ) }
− 1
e2
∫
d4xTr
{ i
4
B[η, C]
}
.
(2.43)
The next step will consist of the coupling the theory to an arbitrary back-
ground metric gµν of Euclidean signature. To achieve this goal we make use of
the covariantized version of the topological symmetry (2.41) (which is trivial to
obtain), and of the gauge fermion Ψ, and then define the topological action to be
S(1)c = {Q,Ψ }cov − 2πikτ . The resulting action is:
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S(1)c = 1
e2
∫
X
d4x
√
gTr
{ 1
2
Dαα˙BDα˙αC + 1
4
Pi
α˙
(
P iα˙ + 2
√
2iDαα˙Giα
)− iψβα˙Dα˙αχαβ
− i
2
ψαα˙Dα˙αη − iζjα˙Dα˙αλjα + 1
4
Nαβ
(
Nαβ + 2iF+αβ + 2i[Gi
α, Giβ]
)
− i√
2
χαβ[χαβ , C]− i√
2
λiα[λiα, B] + i
√
2χαβ [λiα, G
i
β] +
i√
2
ζiα˙[ζ
iα˙, C]
+
i√
2
η[λi
α, Giα]− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B] + i
√
2ψαα˙[ζ
iα˙, Giα]
− 1
2
[B,C]2 − [B,Giα][C,Giα]
}− 2πiτ 1
32π2
∫
X
d4xTr
{ ∗FµνF µν }.
(2.44)
Up to now we have carefully studied the “standard” formulation of the second
twist, and we have been able to reproduce faithfully previously known results [15].
However, we think there are several subtleties that demand clarification. Since
the twisted theory contains several spinor fields taking values in the fundamental
representation of the internal SU(2)F symmetry group, and these fields are neces-
sarily complex, as they live in complex representations of the rotation group and
of the isospin group, it can be seen that the action (2.44) is not real. Moreover,
there are more fields in the twisted theory than in the physical theory. To see
this, pick for example the scalar fields φuv in the physical N = 4 theory. They
are 6 real fields that after the twisting become the scalar fields B and C (which
can be safely taken to be real, thus making a total of 2 real fields) and the isospin
doublet bosonic spinor field Giα, which is necessarily complex and thus is built out
of 2 × 2 × 2 = 8 real fields. Thus we see that 6 real fields in the N = 4 theory
give rise to 10 real fields in the twisted theory. With the anticommuting fields this
overcounting is even worse. In what follows we will break SU(2)F explicitly and
rearrange the resulting fields wisely so as to avoid these problems. The outcome
of this reformulation is that we will make contact with the non-abelian monopole
theory formulated in [6,7,9]. For a thoroughful and self-contained review of these
theories see [10].
We start with the fields Giα, which we rearrange in a complex commuting two-
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component Weyl spinor Mα ≡ G2α and its complex conjugate Mα ≡ G1α. The
constraint G1
α = (G2α)
∗ looks rather natural when considered from the viewpoint
of the physical N = 4 theory, in terms of which –recall eqn. (2.6) and (2.37)–
G1α =
(
φ13
φ23
)
=
(
B†2
−B†1
)
, G2α =
(
φ14
φ24
)
=
(
−B1
−B2
)
. (2.45)
Similarly, for the other isodoublets in the theory we make the rearrangements:
λ1α = µ¯α,
λ2α = µα,
P1α˙ = h¯α˙,
ζ1α˙ = ν¯α˙,
ζ2α = να˙,
P2α˙ = hα˙.
(2.46)
Finally, after redefining ψ → −iψ, C → φ, B → λ and Nαβ → Hαβ (A and η
remain the same), the action (2.44) becomes:
S(1)c = 1
e2
∫
X
d4x
√
gTr
{ 1
2
Dαα˙φDα˙αλ+ 1
4
h¯α˙
(
hα˙ + 2
√
2iDαα˙Mα
)
− 1
4
hα˙
(
h¯α˙ + 2
√
2iDαα˙Mα
)− ψβα˙Dα˙αχαβ − 1
2
ψαα˙Dα˙αη
− iνα˙Dα˙αµ¯α + iν¯α˙Dα˙αµα + 1
4
Hαβ
(
Hαβ + 2iF+αβ + 4i[M
(α
,Mβ)]
)
− i√
2
χαβ[χαβ , φ] + i
√
2 µ¯α[µα, λ]
+ i
√
2χαβ [µ¯α,Mβ ]− i
√
2χαβ [µα,Mβ] + i
√
2 ν¯α˙[ν
α˙, φ]
− i√
2
η[µ¯α,M
α] +
i√
2
η[µα,M
α
]− i
2
√
2
η[η, φ]− i√
2
ψαα˙[ψ
α˙α, λ]
+
√
2ψαα˙[ν
α˙,Mα]−
√
2ψαα˙[ν¯
α˙,Mα]− 1
2
[φ, λ]2
− [λ,Mα][φ,Mα] + [λ,Mα][φ,Mα]
}− 2πiτ 1
32π2
∫
X
d4xTr
√
g
{ ∗FµνF µν }.
(2.47)
Let us focus now on the bosonic part of the action not containing the scalar
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fields φ and λ. After integrating out the auxiliary fields, this part reads:
∫
X
d4x
√
gTr
{−Dαα˙MαDβα˙Mβ + 1
4
(F+αβ + 2[M (α,Mβ)] )
2
}
. (2.48)
Expanding the squares we obtain the contributions:
∫
X
d4x
√
gTr
{−gµνDµMαDνMα − 1
4
RM
α
Mα − 1
2
F+µνF
+µν
+ [M (α,Mβ)][M
(α
,Mβ)]
}
.
(2.49)
In the derivation of (2.49) we have used the Weitzenbo¨ck formula,
Dαα˙Dα˙β = 1
2
δα
β Dγα˙Dγα˙ + 1
4
δα
β R + F+aβα T
a (2.50)
being R the scalar curvature and T a, a = 1, . . . ,dim(G), the generators of the
gauge group in the appropriate representation.
The corresponding BRST symmetry is readily obtained from (2.41):
[Q,Aαα˙] = 2ψαα˙,
[Q,F+αβ ] = 2D(αα˙ψβ)α˙,
[Q,Mα] = −
√
2µα,
{Q, χαβ} = Hαβ ,
{Q, να˙} = hα˙,
[Q, λ] =
√
2η,
{Q,ψαα˙} =
√
2Dαα˙φ,
[Q, φ] = 0,
{Q, µα} = −2i[Mα, φ],
[Q,Hαβ ] = 2
√
2i [χαβ, φ],
[Q, hα˙] = 2
√
2i [να˙, φ],
{Q, η } = 2i[λ, φ].
(2.51)
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The covariantized gauge fermion (2.43) takes now the form:
Ψ =
1
e2
∫
X
d4x
√
gTr
{ 1
4
ν¯α˙
(
hα˙ + 2
√
2iDαα˙Mα
)− 1
4
να˙
(
h¯α˙ + 2
√
2iDαα˙Mα
)
+
1
4
χαβ
(
Hαβ + 2i(F+αβ + 2[M
(α
,Mβ)])
) }
− 1
e2
∫
X
d4xTr
{ 1
2
√
2
λ
(Dαα˙ψα˙α + i√2 [Mα, µα]− i√2 [µ¯α,Mα] ) }
− 1
e2
∫
X
d4xTr
{ i
4
λ[η, φ]
}
.
(2.52)
The resulting theory is equivalent to the theory of non-abelian monopoles dis-
cussed at length in [6,7,10], but with the monopole multiplet in the adjoint rep-
resentation of the gauge group. That theory in turn is a generalization of the
abelian monopole equations proposed in [4]. The reason for this equivalence can
be explained as follows. First recall that from the viewpoint of N = 1 superspace
both, N = 2 supersymmetric gauge theory coupled to an N = 2 hypermultiplet
in the adjoint of the gauge group, and N = 4 supersymmetric gauge theory, are
built out of the same set of N = 1 superfields, namely a vector superfield and
three chiral superfields. In the case of N = 4 supersymmetric gauge theory we
have a cuadruplet of gauginos in the 4 of SU(4)I , which correspond to a SU(2)I
doublet of gauginos and an SU(2)I singlet Dirac spinor (i.e., two SU(2)I singlet
Weyl spinors) in the case of the N = 2 theory. Notice that in the transition the
decomposition 4→ 2⊕ 1⊕ 1 has to be done, which is equivalent to the decompo-
sition defining the second twist of N = 4. In this framework, the T3 subgroup of
the former SU(2)F symmetry remains in the theory as an U(1) symmetry which
involves the monopole sector only and which corresponds to the N = 2 central
charge (trivial in this case) that remains after the twisting [9].
(3) 4 −→ (2, 2) Amphicheiral Theory
The last theory we will consider was briefly introduced at the end of reference
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[15], and afterwards it was considered in detail in [16,17]. It corresponds to the
decomposition 4 −→ (2, 2), but it is easier (and equivalent) to start from the second
twisted theory and replace SU(2)R with the diagonal sum SU(2)
′
R of SU(2)R itself
and the remaining isospin group SU(2)F (this is very much alike to a conventional
N = 2 twisting). This introduces in the theory a second BRST-like symmetry,
which comes from the N = 4 spinor supercharges Q¯vα˙. As we pointed out at
the end of the introduction, there are several unusual features in this theory that
we think deserve a detailed analysis. We begin by recalling the fundamentals of
the second twist. The symmetry group H = SU(2)L ⊗ SU(2)R ⊗ SU(4)I of the
original N = 4 supersymmetric gauge theory is twisted to give the symmetry group
H′ = SU(2)′L ⊗ SU(2)R ⊗ SU(2)F ⊗ U(1) (we will refer to this as the L twist)
of the half-twisted theory. The supersymmetry charges Qvα and Q¯vα˙ decompose
under H′ as:
Qvα ⊕ Q¯vα˙ −→ Q(+1) ⊕Q(+1)(αβ) ⊕Q
(−1)
iα ⊕ Q¯(−1)αα˙ ⊕ Q¯(+1)iα˙ . (2.53)
But one can also twist with SU(2)R thus obtaining its corresponding T˜ twist
with symmetry group H˜′ = SU(2)L ⊗ SU(2)′R ⊗ SU(2)F ⊗ U(1) (R twist). Both
formulations are related (1.8) through an orientation reversal and a change of sign
in θ. Now we can twist SU(2)F away in four different ways. Two of these (LL
and RR) take us back to the Vafa-Witten twists T and T˜ . The other two (LR and
RL) should lead us to the twist considered in [16,17] and its corresponding T˜ twist.
The non-trivial result is that either of these two different choices leads to the same
topological theory. This can be seen as follows. Pick one of the possibilities, say,
LR. After the first twist we have the half-twisted theory with symmetry group
H′ and supersymmetry charges (2.53). If we now twist SU(2)F with SU(2)R we
obtain, from the last charge in (2.53), a second scalar charge Q˜ given by:
Q¯iα˙ → Q¯β˙α˙ → Q˜ = C β˙α˙Q¯β˙α˙. (2.54)
Notice that both the anticommuting symmetries, Q and Q˜, have the same
ghost number, so they are both to be considered either as BRST or anti-BRST
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operators. This is in contrast with the situation we found in the first twist where,
after explicitly breaking the isospin group SU(2)F down to its T3 subgroup, we
were left with two scalar charges Q(+) and Q(−) with opposite ghost numbers,
which were then interpreted as a BRST-antiBRST system.
The fields of the new theory can be obtained from those in the half-twisted
theory as follows:
Aαα˙ −→ A(0)αα˙ −→ A(0)αα˙,
λvα −→ χ(−1)βα , η(−1), λ
(+1)
iα −→ χ(−1)βα , η(−1), ψ˜
(+1)
αα˙ ,
λ¯vα˙ −→ ψ(+1)αα˙ , ζ(−1)iα˙ −→ ψ(+1)αα˙ , η˜(−1), χ˜(−1)α˙β˙ ,
φuv −→ B(−2), C(+2), G(0)iα −→ B(−2), C(+2), V (0)αα˙ ,
(2.55)
where we have included also the corresponding fields of the N = 4 theory and the
ghost number carried by the twisted fields. The notation is similar to that in ref.
[16]. Notice that if we exchange SU(2)L by SU(2)R the field content in (2.55) does
not change. This in turn implies that the LR and RL twists are in fact the same,
SLRX = SRLX , (2.56)
or, in other words, the third twist leads to an amphicheiral topological quantum
field theory (see (1.9)). Since it is known that the two twists are related by SLRX =
SRL
X˜
∣∣
τ→−τ¯ (X˜ denotes the manifold X with the opposite orientation), it follows
that by reversing the sign of the θ-angle one can jump from X to X˜ :
SX = SX˜
∣∣
τ→−τ¯ . (2.57)
We will see in a moment that this information is encoded in the conjugation discrete
symmetry introduced in [16].
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The definitions in (2.55) are almost self-evident. The only ones which need
clarification are those corresponding to η˜ and χ˜
α˙β˙
. Our conventions are:
ζ iα˙ → ζ β˙α˙ →
{
η˜ = −ζ α˙α˙,
χ˜
α˙β˙
= −C
γ˙(β˙ζ
γ˙
α˙).
(2.58)
In terms of the fields in (2.55), the on-shell action (2.38) takes the form:
S(0) = 1
e2
∫
d4xTr
{ 1
2
∇αα˙B∇α˙αC − 1
4
∇
ββ˙
Vαα˙∇β˙βV α˙α − iψβα˙∇α˙αχαβ
− i
2
ψαα˙∇α˙αη + i
2
η˜∇α˙αψ˜αα˙ + iχ˜α˙β˙∇α˙αψ˜β˙α −
1
4
FmnF
mn
− i√
2
χαβ[χαβ , C]− i√
2
ψ˜α˙α[ψ˜αα˙, B] + i
√
2χαβ[ψ˜αα˙, Vβ
α˙] +
i√
2
η[ψ˜αα˙, Vα
α˙]
− i
2
√
2
η[η, C] +
i√
2
ψαα˙[ψ
α˙α, B]− i√
2
η˜[ψαα˙, Vα
α˙]− i
√
2 χ˜α˙β˙[ψαα˙, V
α
β˙
]
+
i√
2
χ˜
α˙β˙
[χ˜α˙β˙, C] +
i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 − [B, Vαα˙][C, V α˙α]
+
1
4
[Vαα˙, Vββ˙][V
α˙α, V β˙β]
}− iθ
32π2
∫
d4xTr
{ ∗FmnFmn }.
(2.59)
The next thing to do is to obtain the symmetry transformations which correspond
to the new model. Recall that we have now two fermionic charges Q and Q˜. The
transformations generated by Q are easily obtained from those in the previous
twist (2.40). To obtain the transformations generated by Q˜ we must return to
the N = 4 theory. Let us recall that the N = 4 supersymmetry transformations
are generated by ξv
αQvα + ξ¯
v
α˙Q¯v
α˙. The transformations corresponding to Q˜ are
readily extracted by setting ξ¯1 = ξ¯2 = 0 and making the replacement
ξ¯ 3,4α˙ → ξ¯ iα˙ → ξ¯ β˙α˙ → ǫ˜ δβ˙α˙. (2.60)
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In this way one gets the following set of transformations:
δAαα˙ = 2iǫψαα˙,
δF+αβ = 2ǫ∇(αα˙ψβ)α˙,
δψαα˙ = −i
√
2ǫ∇αα˙C,
δη˜ = i
√
2ǫ∇αα˙V α˙α,
δχ˜
α˙β˙
= −i
√
2ǫ∇α(α˙V αβ˙),
δχαβ = −iǫF+αβ − iǫ[Vαα˙, Vβα˙],
δη = 2iǫ[B,C],
δψ˜αα˙ = −2iǫ[Vαα˙, C],
δB =
√
2ǫη,
δC = 0,
δVαα˙ = −
√
2ǫψ˜αα˙,
δ˜Aαα˙ = −2iǫ˜ψ˜αα˙,
δ˜F+αβ = −2ǫ˜∇(αα˙ψ˜β)α˙,
δ˜ψαα˙ = −2iǫ˜[Vαα˙, C]
δ˜η˜ = 2iǫ˜[B,C],
δ˜χ˜
α˙β˙
= iǫ˜F−
α˙β˙
− iǫ˜[Vαα˙, V αβ˙ ],
δ˜χαβ = i
√
2 ǫ˜∇α˙(αVβ)α˙,
δ˜η = i
√
2 ǫ˜∇αα˙V α˙α,
δ˜ψ˜αα˙ = −i
√
2ǫ˜∇αα˙C,
δ˜B = −
√
2ǫ˜η˜,
δ˜C = 0,
δ˜Vαα˙ =
√
2ǫ˜ψαα˙.
(2.61)
Since there are no half-integer spin fields in the theory it is preferable to convert
the spinor indices into vector indices. To do this we make the following definitions:


V
ψ
ψ˜


αα˙
≡ σmαα˙


V
ψ
ψ˜


m
, χαβ = σ
mn
αβχ
+
mn, χ˜α˙β˙ = σ¯
mn
α˙β˙
χ−mn (2.62)
where χ±mn = (1/2){χmn ± (1/2)ǫmnpqχpq}. In order to extract a manifestly
real action we also make the replacements ψ → −iψ, χ+ → iχ+, η˜ → iη˜ and
Q˜→ iQ˜. The resulting action is:
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S(0) = 1
e2
∫
d4xTr
{−∇mB∇mC −∇mVn∇mV n + 4ψm∇nχ+mn + ψm∇mη
+ ψ˜m∇mη˜ + 4ψ˜m∇nχ−mn −
1
4
FmnF
mn − i
√
2χ+mn[χ+mn, C]
+ i
√
2 ψ˜m[ψ˜m, B]− 4i
√
2χ+mn[ψ˜
m, V n] + i
√
2 η[ψ˜m, V
m]− i
2
√
2
η[η, C]
+ i
√
2ψm[ψ
m, B]− i
√
2 η˜[ψm, V
m] + 4
√
2 iχ−mn[ψ
m, V n]− i
√
2χ−mn[χ
−mn, C]
− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 + 2[B, Vm][C, V
m] + [Vm, Vn][V
m, V n]
}
− iθ
32π2
∫
d4xTr
{ ∗FmnFmn },
(2.63)
and the corresponding transformations become:
δAm = 2ǫψm,
δψm =
√
2ǫ∇mC,
δη˜ = −2
√
2ǫ∇mV m,
δχ−mn = 2
√
2ǫ(∇[mVn])−,
δχ+mn = −ǫF+mn + 2iǫ([Vm, Vn])+,
δη = 2iǫ[B,C],
δψ˜m = −2iǫ[Vm, C],
δB =
√
2ǫη,
δC = 0,
δVm = −
√
2ǫψ˜m,
δ˜Am = −2ǫ˜ψ˜m,
δ˜ψm = −2iǫ˜[Vm, C]
δ˜η˜ = −2iǫ˜[B,C],
δ˜χ−mn = ǫ˜F
−
mn − 2iǫ˜([Vm, Vn])−,
δ˜χ+mn = 2
√
2ǫ˜(∇[mVn])+,
δ˜η = −2
√
2ǫ˜∇mV m,
δ˜ψ˜m = −
√
2ǫ˜∇mC,
δ˜B = −
√
2ǫ˜η˜,
δ˜C = 0,
δ˜Vm = −
√
2ǫ˜ψm,
(2.64)
where (X[mn])
± ≡ 12(X[mn]±∗X[mn]), and X[mn] ≡ 12(Xmn−Xnm). The generators
Q and Q˜ satisfy the on-shell algebra:
{Q,Q } = δg(C),
{ Q˜, Q˜ } = δg(C),
{Q, Q˜ } = 0.
(2.65)
Now consider the following discrete transformations acting on the fields of the
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theory:
B −→ B, C −→ C,
A −→ A, V −→ −V,
η −→ −η˜, ψ −→ −ψ˜,
η˜ −→ −η, ψ˜ −→ −ψ,
χ+ ←→ −χ− ⇒
{
χ→ −χ,
∗χ→ ∗χ,
F+ ←→ F− ⇒
{
F → F,
∗F → − ∗ F.
(2.66)
Notice that these transformations involve the simultaneous replacement ǫmnpq →
−ǫmnpq , which is equivalent to a reversal of the orientation of the four-manifold X .
Because of this orientation reversal, the sign of the θ-term in (2.63) is also reversed.
Thus the Z2-like transformations (2.66) map the action on X to the same action
on X˜ but with −θ. This is precisely the information encoded in (2.57).
It is also noteworthy that the transformations (2.66) exchange the BRST gen-
erators Q and Q˜ (one can realize this by looking at (2.64)). Indeed, had we not
known about the existence of one of the topological symmetries, say Q˜, we would
have discovered it immediately with the aid of the symmetry (2.66). In addition
to this, one can readily see that the replacements dictated by (2.66) preserve the
ghost number assignments of the fields. In what follows, we will usually refer to
the transformations (2.66) by Z2, but the reader must be aware of this abuse of
notation.
Several things remain to be done. It would be desirable to obtain an off-shell
formulation of the model. Besides, it would be interesting to find out whether
the off-shell action (provided that it exists) can be written as a Q- (or Q˜, or
both) commutator, and write down the explicit expression for the corresponding
gauge fermion. And finally, the theory should be generalized to any arbitrary
four-manifold of euclidean signature.
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We have found a complete off-shell formulation involving both BRST symme-
tries simultaneously such that the action (2.63) is (up to appropriate theta-terms)
Q and Q˜-exact. Let us examine these results in more detail. The on-shell alge-
bra (2.65) can be extended off-shell by introducing the auxiliary fields N+mn, N
−
mn
and P , which have zero ghost numbers and are taken to transform under Z2 as
N+ ↔ −N−, P → −P . In terms of these fields, the transformations (2.64) are
modified as follows:
δη˜ = −2
√
2ǫ∇mV m + ǫP,
δP = −4ǫ∇mψ˜m + 4
√
2iǫ[ψm, Vm] + 2
√
2iǫ[η˜, C],
δχ−mn = 2
√
2ǫ(∇[mVn])− + ǫN−mn,
δN−mn = 4ǫ∇[mψ˜−n] − 4
√
2iǫ[ψ[m, Vn]]
− + 2
√
2iǫ[χ−mn, C],
δχ+mn = −ǫF+mn + 2iǫ([Vm, Vn])+ + ǫN+mn,
δN+mn = 4ǫ∇[mψ+n] + 4
√
2iǫ[ψ˜[m, Vn]]
+ + 2
√
2iǫ[χ+mn, C].
(2.67)
The other transformations in (2.64) remain the same. Equivalent formulas hold for
Q˜ and are related to those in (2.67) through the Z2 transformation. In this off-shell
realization the auxiliary fields appear in the action only quadratically, that is,
S(1) = S(0) +
∫
Tr{ 1
2
(N+)2 +
1
2
(N−)2 +
1
8
P 2}. (2.68)
The action S(1) can be written either as a Q commutator or as a Q˜ commutator
and is invariant under both, Q and Q˜, that is,
S(1) = {Q, Ψˆ+} − 2πikτ = {Q˜, Ψˆ−} − 2πikτ¯ ; [Q,S(1)] = [Q˜,S(1)] = 0 (2.69)
where the gauge fermions Ψˆ± are not equal but are formally interchanged by the
Z2 transformation and k is the instanton number (1.2). It is possible to redefine
the auxiliary fields to cast either the Q or the Q˜ transformations (but not both
33
simultaneously) in the standard form,
{Q, ANTIGHOST} = AUXILIARY FIELD,
[Q, AUXILIARY FIELD] = δgaugeANTIGHOST,
which is essential to make contact with the Mathai-Quillen interpretation. Per-
forming the shifts,
P −→ P + 2
√
2∇mV m,
N−mn −→ N−mn − 2
√
2(∇[mVn])−,
N+mn −→ N+mn + F+mn − 2i([Vm, Vn])+,
(2.70)
which can be guessed from (2.67), the Q transformations take the simple form:
δAm = 2ǫψm,
δVm = −
√
2ǫψ˜m,
δC = 0,
δB =
√
2ǫη,
δη˜ = ǫP,
δχ+mn = ǫN
+
mn,
δχ−mn = ǫN
−
mn,
δψm =
√
2 ǫ∇mC,
δψ˜m = −2iǫ[Vm, C],
δη = 2iǫ[B,C],
δP = 2
√
2iǫ[η˜, C],
δN+mn = 2
√
2iǫ[χ+mn, C],
δN−mn = 2
√
2iǫ[χ−mn, C].
(2.71)
The point is that if instead of (2.70) we make the Z2 conjugate shifts,
P −→ P + 2
√
2∇mV m,
N+mn −→ N+mn − 2
√
2(∇[mVn])+,
N−mn −→ N−mn − F−mn + 2i([Vm, Vn])−,
(2.72)
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it is δ˜ ≡ ǫ˜Q˜ the one which can be cast in the simple form:
δ˜Am = −2ǫ˜ψ˜m,
δ˜Vm = −
√
2ǫ˜ψm,
δ˜C = 0,
δ˜B = −
√
2ǫ˜η˜,
δ˜η = ǫ˜P,
δ˜χ+mn = ǫ˜N
+
mn,
δ˜χ−mn = ǫ˜N
−
mn,
δ˜ψ˜m = −
√
2 ǫ˜∇mC,
δ˜ψm = −2iǫ˜[Vm, C],
δ˜η˜ = −2iǫ˜[B,C],
δ˜P = 2
√
2iǫ˜[η, C],
δ˜N+mn = 2
√
2iǫ˜[χ+mn, C],
δ˜N−mn = 2
√
2iǫ˜[χ−mn, C].
(2.73)
Notice that since the appropriate shifts are in each case different, the one which
simplifies the Q transformations makes the corresponding Q˜ transformations (not
shown) much more complicated and conversely, the shift which simplifies the Q˜
transformations makes the corresponding Q transformations (not shown) much
more complicated.
Keeping these results in mind from now on we will focus on the Q formulation,
that is, on the off-shell formulation in which the Q transformations take the form
(2.71). The off-shell action which corresponds to this formulation is:
S(2) = 1
e2
∫
d4xTr
{−∇mB∇mC + 1
2
N+mn
(
N+mn + 2F+mn − 4i[V m, V n]+ )
+
1
2
N−mn
(
N−mn − 4
√
2(∇[mV n])− )+ 1
8
P
(
P + 4
√
2∇mV m
)
+ 4ψm∇nχ+mn + ψm∇mη + ψ˜m∇mη˜ + 4ψ˜m∇nχ−mn
− i
√
2χ+mn[χ+mn, C] + i
√
2 ψ˜m[ψ˜m, B]− 4
√
2 iχ+mn[ψ˜
m, V n]
+ i
√
2 η[ψ˜m, V
m]− i
2
√
2
η[η, C] + i
√
2ψm[ψ
m, B]− i
√
2 η˜[ψm, V
m]
+ 4
√
2 iχ−mn[ψ
m, V n]− i
√
2χ−mn[χ
−mn, C]− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2
+ 2[B, Vm][C, V
m]
}− 2πiτ 1
32π2
∫
d4xTr
{ ∗FmnFmn },
(2.74)
and reverts to (2.63) after integrating out the auxiliary fields. The τ -independent
part of the action (2.74) is Q-exact, that is, it can be written as a Q-commutator.
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The appropriate gauge fermion is:
Ψ+ =
1
e2
∫
d4xTr
{ 1
2
χ+mn
(
N+mn + 2F+mn − 4i[V m, V n]+ )
+
1
2
χ−mn
(
N−mn − 4
√
2(∇[mV n])− )+ 1
8
η˜
(
P + 4
√
2∇mV m
) }
+
1
e2
∫
d4xTr
{ 1√
2
B
(∇mψm + i√2[ψ˜m, V m] ) }
+
1
e2
∫
d4xTr
{ i
4
η[B,C]
}
.
(2.75)
notice that Ψ− would correspond to the Z2-transformed of Ψ+. The gauge fermions
Ψˆ+ and Ψˆ− in (2.69) are easily obtained after undoing the shifts (2.70) and (2.72),
respectively.
Now we switch on an arbitrary background metric gµν of euclidean signature.
This is straightforward once we have expressed the model in the form of eqs. (2.71)
and (2.75). The covariantized transformations are the following:
δAµ = 2ǫψµ,
δVµ = −
√
2ǫψ˜µ,
δC = 0,
δB =
√
2ǫη,
δη˜ = ǫP,
δχ+µν = ǫN
+
µν ,
δχ−µν = ǫN
−
µν ,
δψµ =
√
2 ǫDµC,
δψ˜µ = −2iǫ[Vµ, C],
δη = 2iǫ[B,C],
δP = 2
√
2iǫ[η˜, C],
δN+µν = 2
√
2iǫ[χ+µν , C],
δN−µν = 2
√
2iǫ[χ−µν , C],
(2.76)
and the action for the model is defined to be S(2)c = {Q,Ψ+c } − 2πikτ , with the
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gauge fermion (appropriately covariantized):
Ψ+c =
1
e2
∫
X
d4x
√
gTr
{ 1
2
χ+µν
(
N+µν + 2F+µν − 4i[V µ, V ν ]+ )
+
1
2
χ−µν
(
N−µν − 4
√
2(D[µV ν])− )+ 1
8
η˜
(
P + 4
√
2DµV µ
) }
+
1
e2
∫
X
d4x
√
gTr
{ 1√
2
B
(Dµψµ + i√2[ψ˜µ, V µ] ) }
+
1
e2
∫
X
d4x
√
gTr
{ i
4
η[B,C]
}
.
(2.77)
The resulting action reads:
S(2)c = 1
e2
∫
X
d4x
√
gTr
{−DµBDµC + 1
2
N+µν
(
N+µν + 2F+µν − 4i[V µ, V ν ]+ )
+
1
2
N−µν
(
N−µν − 4
√
2(D[µV ν])− )+ 1
8
P
(
P + 4
√
2DµV µ
)
+ 4ψµDνχ+µν + ψµDµη + ψ˜µDµη˜ + 4ψ˜µDνχ−µν
− i
√
2χ+µν [χ+µν , C] + i
√
2 ψ˜µ[ψ˜µ, B]− 4
√
2 iχ+µν [ψ˜
µ, V ν ] + i
√
2 η[ψ˜µ, V
µ]
− i
2
√
2
η[η, C] + i
√
2ψµ[ψ
µ, B]− i
√
2 η˜[ψµ, V
µ] + 4
√
2 iχ−µν [ψ
µ, V ν ]
− i
√
2χ−µν [χ
−µν , C]− i
2
√
2
η˜[η˜, C]− 1
2
[B,C]2 + 2[B, Vµ][C, V
µ]
}
− 2πiτ 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }.
(2.78)
If we integrate out the auxiliary fields in (2.78) we recover the action (2.63). Some
important issues relative to this theory will be addressed in sect. 4.
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3. The Topological Actions in the Mathai-Quillen Approach
In the first part of this paper we have reviewed in great detail the four dimen-
sional topological field theories that can be obtained by twisting the symmetry
group of the N = 4 supersymmetric gauge theory. The twisting procedure has
been repeatedly shown to be a very powerful technique for the construction of
topological quantum field theories. However, it suffers from serious drawbacks,
the main one being that it is not possible to identify from the very beginning the
underlying geometrical structure that is involved. Rather, in most of the cases
the underlying geometrical scenario is unveiled only after a careful analysis with
techniques borrowed from conventional quantum field theory is carried out [1]. In
what follows, we will change our scope and try to concentrate on the geometrical
formulation of these theories. We will make use of the Mathai-Quillen formalism
(see [25-29] and references therein), which is very well suited for our purposes. Let
us recall briefly the fundamentals of this approach. In the framework of topolog-
ical quantum field theories of cohomological type [29], one deals with a certain
set of fields (the field space, M), on which the action of a symmetry group, G,
which is usually a local symmetry group, is defined. An appropriate set of basic
equations imposed on the fields single out a certain subset (the moduli space) of
M/G. The topological quantum field theory associated to this moduli problem
studies intersection theory on the corresponding moduli space. In this context,
the Mathai-Quillen formalism involves the following steps. Given the field space
M, the basic equations of the problem are introduced as sections of an appropri-
ate vector bundle V → M, in such a way that the zero locus of these sections
is precisely the relevant moduli space. The Mathai-Quillen formalism allows the
computation of a certain representative of the Thom class of the vector bundle V,
which turns out to be the exponential of the action of the topological field theory
under consideration. The integration on M of the pullback under the sections of
the Thom class of V gives the Euler characteristic of the bundle, which is the basic
topological invariant associated to the moduli problem.
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3.1. The Vafa-Witten Problem
In [5], Vafa and Witten studied the partition function of the first of the twisted
N = 4 supersymmetric gauge theories we have considered, namely that correspond-
ing to the defining embedding 4→ (2, 1)⊕ (2, 1) (see section 2). They were able
to show that, in favourable conditions, the partition function is the Euler charac-
teristic of instanton moduli space, and then computed it on several 4-manifolds
in order to make some non-trivial tests of S-duality. The analysis starts from two
basic equations involving the self-dual part of the gauge connection F+, a certain
scalar field C and a bosonic self-dual two-form B+, all taking values in the adjoint
representation of some compact finite dimensional Lie group G. These equations
are: {DµC +√2DνB+νµ = 0,
F+µν − i2 [B+µτ , B+τν ]− i√2 [B+µν , C] = 0.
(3.1)
One can consider the equations above as defining a certain moduli problem, and
our aim is to construct the topological quantum field theory which corresponds to
it within the framework of the Mathai-Quillen formalism. Our analysis will follow
closely that in [6,10,30]. Recently, this formalism has been applied to the twist
under consideration in [31]. The construction presented in that work differs from
ours in the role assigned to the field C.
The topological framework
The geometrical setting is a certain oriented, compact Riemannian four-
manifold X , and the field space is M = A × Ω0(X, adP ) × Ω2,+(X, adP ), where
A is the space of connections on a principal G-bundle P → X , and the second
and third factors denote, respectively, the 0-forms and self-dual differential forms
of degree two on X taking values in the Lie algebra of G. adP denotes the adjoint
bundle of P , P ×ad g. The space of sections of this bundle, Ω0(X, adP ), is the Lie
algebra of the group G of gauge transformations (vertical automorphisms) of the
39
bundle P , whose action on the field space is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(C) = gCg−1,
g∗(B+) = gB+g−1,
(3.2)
where C ∈ Ω0(X, adP ) and B+ ∈ Ω2,+(X, adP ). In terms of the covariant deriva-
tive, dA = d + i[A, ], the infinitesimal form of the transformations (3.2), with
g = exp(−iφ) and φ ∈ Ω0(X, adP ), takes the form:
δg(φ)A = dAφ,
δg(φ)C = i[C, φ],
δg(φ)B
+ = i[B+, φ].
(3.3)
The tangent space to the field space at the point (A,C,B+) is the vector space
T(A,C,B+)M = Ω1(X, adP )⊕Ω0(X, adP )⊕Ω2,+(X, adP ). On T(A,C,B+)M we can
define a gauge-invariant Riemannian metric (inherited from that on X) as follows:
〈(ψ, ζ, ψ˜+), (θ, ξ, ω˜+)〉 =
∫
X
Tr(ψ ∧ ∗θ) +
∫
X
Tr(ζ ∧ ∗ξ) +
∫
X
Tr(ψ˜+ ∧ ∗ω˜+) (3.4)
where ψ, θ ∈ Ω1(X, adP ), ζ, ξ ∈ Ω0(X, adP ) and ψ˜+, ω˜+ ∈ Ω2,+(X, adP ).
To introduce the basic equations (3.1) in this framework we proceed as follows.
On the field space M we build a trivial vector bundle V = M× F , where the
fibre is in this case F = Ω1(X, adP ) ⊕ Ω2,+(X, adP ). The basic equations (3.1)
can then be identified to be a section s : M→ V of the vector bundle V. In our
case, the section reads, with a certain choice of normalization that makes easier
the comparison with the results in sect. 2:
s(A,C,B+) =
(√
2(DµC +
√
2DνB+νµ), −2(F+µν −
i
2
[B+µτ , B
+τ
ν ]− i√
2
[B+µν , C])
)
.
(3.5)
Notice that this section is gauge ad-equivariant, and the zero locus of the associated
section s˜ :M/G → V/G gives precisely the moduli space of the topological theory.
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It would be desirable to compute the dimension of this moduli space. The best we
can do is to build the corresponding deformation complex whose index is known
to compute, under certain assumptions, the dimension of the tangent space to the
moduli space. This index provides what is called the virtual dimension of the
moduli space. The deformation complex that corresponds to our moduli space is
the following:
0 −→ Ω0(X, adP ) C−→Ω1(X, adP )⊕ Ω0(X, adP )⊕ Ω2,+(X, adP )
ds−→Ω1(X, adP )⊕ Ω2,+(X, adP ) −→ 0.
(3.6)
The map C : Ω0(X, adP ) −→ TM, given by (recall (3.3)):
C(φ) = (dAφ, i[C, φ], i[B+, φ]), φ ∈ Ω0(X, adP ), (3.7)
defines the vertical tangent space (gauge orbits) to the principal G-bundle. The
map ds : T(A,C,B+)M −→ F is given by the linearization of the basic equations
(3.1):
ds(ψ, ζ, ψ˜+) =
(√
2(Dµζ + i[ψµ, C] +
√
2Dνψ˜+νµ + i
√
2[ψν , B+νµ]),
−2( 2(D[µψν])+ + i[ψ˜+τ [µ, B+τν]]− i√2[ψ˜+µν , C]− i√2[B+µν , ζ ]
))
.
(3.8)
Under suitable conditions (which happen to be the same vanishing theorems
discussed in [5]), the index of the complex (3.6) computes de dimension of
Ker(ds)/Im(C), that is, the dimension of the moduli space under consideration.
To calculate its index, the complex (3.6) can be split up into the Atiyah-Hitchin-
Singer instanton deformation complex [32] for anti-self-dual (ASD) connections,
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p
+dA−→Ω2,+(X, adP ) −→ 0, (3.9)
and the complex associated to the operator,
(2) D = p+d∗A + dA : Ω
0(X, adP )⊕ Ω2,+(X, adP ) −→ Ω1(X, adP ), (3.10)
which is also the ASD instanton deformation complex. They contribute with op-
posite signs and therefore the net contribution to the index is zero, leaving us with
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the result that the virtual dimension of the moduli space is zero.
The topological action
We now proceed to construct the topological action associated to this moduli
problem, and we will do it within the Mathai-Quillen formalism. The Mathai-
Quillen form gives a representative of the Thom class of the bundle E =M×G F ,
and the integration overM/G of the pullback of this Thom class under the section
s˜ :M/G → E = M×G F gives the (generalized) Euler characteristic of E , which
is to be identified, from the field-theory point of view, with the partition function
of the associated topological quantum field theory.
As a first step to construct the topological theory which corresponds to the
moduli problem defined by the basic equations (3.1), we have to give explicitly
the field content and the BRST symmetry of the theory. This will help to clarify
the structure of the topological multiplet we introduced in sect. 2. In the field
space M = A × Ω0(X, adP ) × Ω2,+(X, adP ) we have the gauge connection Aµ,
the scalar field C and the self-dual two-form B+µν , all with ghost number 0. In
the (co)tangent space T(A,C,B+)M = Ω1(X, adP ) ⊕ Ω0(X, adP ) ⊕ Ω2,+(X, adP )
we have the anticommuting fields ψµ, ζ and ψ˜
+
µν , all with ghost number 1 and
which are to be interpreted as differential forms on the moduli space. In the fibre
F = Ω1(X, adP )⊕Ω2,+(X, adP ) we have anticommuting fields with the quantum
numbers of the equations, namely a one-form χ˜µ and a self-dual two-form χ
+
µν , both
with ghost number −1, and their superpartners, a commuting one-form H˜ν and a
commuting self-dual two-form H+µν , both with ghost number 0 and which appear as
auxiliary fields in the associated field theory. And finally, associated to the gauge
symmetry, we have a commuting scalar field φ ∈ Ω0(X, adP ) with ghost number
+2 [29], and a multiplet of scalar fields φ¯ (commuting and with ghost number −2)
and η (anticommuting and with ghost number −1), both also in Ω0(X, adP ) and
which enforce the horizontal projection M→M/G [28]. The BRST symmetry of
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the model is given by:
[Q,Aµ] = ψµ,
[Q,C] = ζ,
[Q,B+µν ] = ψ˜
+
µν ,
[Q, φ] = 0,
{Q, χ˜µ} = H˜µ,
{Q, χ+µν} = H+µν ,
[Q, φ¯] = η,
{Q,ψµ} = Dµφ,
{Q, ζ } = i [C, φ],
{Q, ψ˜+µν} = i [B+µν , φ],
[Q, H˜µ] = i [χ˜µ, φ],
[Q,H+µν ] = i [χ
+
µν , φ],
{Q, η } = i [φ¯, φ].
(3.11)
The BRST generator Q satisfies the algebra {Q,Q} = δg(φ), and can be seen to
correspond to the Cartan model for the G-equivariant cohomology of M .
We are now ready to write the action for the topological field theory under con-
sideration. Instead of writing the full expression for the Mathai-Quillen form, we
define the action to be {Q,Ψ} for some appropriate gauge invariant gauge fermion
Ψ [28]. The use of gauge fermions was introduced in the context of topological
quantum field theory in [33] (see [20] for a review). As it is explained in detail in
[28], the gauge fermion consists of two basic pieces, a localization gauge fermion,
which essentially involves the equations defining the moduli problem and which in
our case takes the form:
Ψloc = 〈(χ˜, χ+), s(A,C,B+)〉+ 〈(χ˜, χ+), (H˜,H+)〉 =∫
X
√
gTr
{ 1
2
χ+µν
(
H+µν − 2(F+µν − i
2
[B+µτ , B+τ
ν ]− i√
2
[B+µν , C])
)
+ χ˜µ
(
H˜µ +
√
2 (DµC +
√
2DνB+νµ)
) }
,
(3.12)
and a projection gauge fermion, which enforces the horizontal projection, and which
can be written as:
Ψproj = 〈φ¯, C†(ψ, ζ, ψ˜)〉g, (3.13)
where 〈, 〉g denotes the gauge invariant metric in Ω0(X, adP ), and the map
C† : TM → Ω0(X, adP ) is the adjoint of the map C (3.7) with respect to the
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Riemannian metrics (3.4) in TM and Ω0(X, adP ). Since C(φ), φ ∈ Ω0(X, adP ),
is given by (3.7), its adjoint is readily computed to be:
C+(ψ, ζ, ψ˜) = −Dµψµ + i
2
[ψ˜+µν , B
+µν ] + i[ζ, C], (3.14)
where (ψ, ζ, ψ˜) ∈ T(A,C,B+)M. This leaves for the projection fermion (3.13) the
expression:
Ψproj =
∫
X
√
gTr
{
φ¯
(−Dµψµ + i
2
[ψ˜+µν , B
+µν ] + i[ζ, C]
) }
. (3.15)
In the Mathai-Quillen formalism the action is built out of the terms (3.12) and
(3.15). However, as in the case of the Mathai-Quillen formulation of Donaldson-
Witten theory [25], one must add another piece to the gauge fermion to make full
contact with the corresponding twisted supersymmetric theory. In our case, this
extra term is:
Ψextra = −
∫
X
√
gTr
{ i
2
η[φ, φ¯]
}
. (3.16)
It is now straightforward to see that after the rescalings
A′ = A,
ψ′ = −1
2
ψ,
φ′ =
1
2
√
2
φ,
φ¯′ = −2
√
2φ¯,
η′ = −2η,
C ′ = − 1√
2
C,
ζ ′ = −ζ,
B+
′
=
1
2
B+,
ψ˜+
′
=
1
2
√
2
ψ˜+,
χ˜′ =
√
2χ˜,
H˜ ′ =
√
2H,
χ+
′
= χ+,
H+
′
= H+,
(3.17)
one recovers, in terms of the primed fields, the twisted model we analyzed in sect.
2 and that is encoded in (2.29) and (2.32).
44
3.2. Adjoint Non-Abelian Monopoles
As we saw before, the model arising from the second twist is equivalent to the
theory of non-abelian monopoles discussed at length in [6-9]. The relevant basic
equations for this model involve the self-dual part of the gauge connection F+ and
a certain complex spinor field M taking values in the adjoint representation of
some compact finite dimensional Lie group G:
{
F+αβ + [M (α,Mβ)] = 0,
Dαα˙Mα = 0,
(3.18)
where M is the complex conjugate of M .
The topological framework
The geometrical setting is a certain oriented, closed Riemannian four-manifold
X , that we will also assume to be spin. We will denote the positive and negative
chirality spin bundles by S+ and S− respectively. The field space is M = A ×
Γ(X,S+ ⊗ adP ), where A is the space of connections on a principal G-bundle
P → X , and the second factor denotes the space of sections of the product bundle
S+⊗ adP , that is, positive chirality spinors taking values in the Lie algebra of the
gauge group. The group G of gauge transformations of the bundle P has an action
on the field space which is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(M) = gMg−1,
(3.19)
where M ∈ Γ(X,S+ ⊗ adP ) and A is the gauge connection. In terms of the
covariant derivative dA = d+ i[A, ], the infinitesimal form of the transformations
(3.19), with g = exp(−iφ) and φ ∈ Ω0(X, adP ), takes the form:
δg(φ)A = dAφ,
δg(φ)M = i[M,φ].
(3.20)
The tangent space to the field space at the point (A,M) is the vector space
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T(A,M)M = Ω1(X, adP )⊕ Γ(X,S+ ⊗ adP ). On T(A,M)M we can define a gauge-
invariant Riemannian metric given by:
〈(ψ, µ), (θ, ω)〉 =
∫
X
Tr (ψ ∧ ∗θ) + 1
2
∫
X
Tr (µ¯αωα + ω¯
αµα), (3.21)
where ψ, θ ∈ Ω1(X, adP ) and µ, ω ∈ Γ(X,S+ ⊗ adP ).
The basic equations (3.18) are introduced in this framework as sections of the
trivial vector bundle V =M×F , where the fibre is in this case F = Ω2,+(X, adP )⊕
Γ(X,S− ⊗ adP ). Taking into account the form of the basic equations, the section
reads, up to some harmless normalization factors that we introduce for reasons
that will become apparent soon:
s(A,M) =
(−2(F+αβ + [M (α,Mβ)]), √2Dαα˙Mα ). (3.22)
The section (3.22) can be alternatively seen as a gauge ad-equivariant map from the
principal G-bundle M→M/G to the vector space F , and in this way it descends
naturally to a section s˜ of the associated vector bundle M×G F , whose zero locus
gives precisely the moduli space of the topological theory. It would be desirable to
compute the dimension of this moduli space. The relevant deformation complex
(which allows one to compute, in a general situation, the virtual dimension of the
moduli space) is the following:
0 −→ Ω0(X, adP ) C−→Ω1(X, adP )⊕ Γ(X,S+ ⊗ adP )
ds−→Ω2,+(X, adP )⊕ Γ(X,S− ⊗ adP ).
(3.23)
The map C : Ω0(X, adP ) −→ TM is given by:
C(φ) = (dAφ, i[M,φ]), φ ∈ Ω0(X, adP ), (3.24)
while the map ds : T(A,M)M −→ F is provided by the linearization of the basic
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equations (3.18):
ds(ψ, µ) =
(−4σµναβDµψν − 2[µ¯(α,Mβ)]− 2[M (α, µβ)],√
2Dαα˙µα +
√
2[ψαα˙,M
α]
)
.
(3.25)
Under suitable conditions, the index of the complex (3.23) computes de dimension
of Ker(ds)/Im(C). To calculate the index, the complex (3.23) can be split up into
the ASD-instanton deformation complex:
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p
+dA−→Ω2,+(X, adP ) −→ 0, (3.26)
whose index is p1(adP ) + dim(G)(χ + σ)/2, being p1(adP ) the first Pontryagin
class of the adjoint bundle adP , and the complex associated to the twisted Dirac
operator
(2) D : Γ(X,S+ ⊗ adP ) −→ Γ(X,S− ⊗ adP ), (3.27)
whose index is p1(adP )/2 − dim(G)σ/8. Thus, the index of the total complex
(which gives minus the virtual dimension of the moduli space) is:
−dim(M) = ind(1)− 2× ind(2) = dim(G)(2χ+ 3σ)
4
(3.28)
where χ is the Euler characteristic of the 4-manifold X and σ is its signature. The
factor of two appears in (3.28) since we want to compute the real dimension of the
moduli space.
The topological action
We now proceed as in the previous case. To build a topological theory out of the
moduli problem defined by the equations (3.18) we need the following multiplet
of fields. For the field space M = A × Γ(X,S+ ⊗ adP ) we introduce commut-
ing fields (A,M), both with ghost number 0, and their corresponding superpart-
ners, the anticommuting fields ψ and µ, both with ghost number 1. For the fibre
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F = Ω2,+(X, adP )⊕ Γ(X,S− ⊗ adP ) we introduce anticommuting fields χ+ and
ν respectively, both with ghost number −1, and their superpartners, a commuting
self-dual two-form H+ and a commuting negative chirality spinor h, both with
ghost number 0 and which appear as auxiliary fields in the associated field the-
ory. And finally, associated to the gauge symmetry, we have a commuting scalar
field φ ∈ Ω0(X, adP ) with ghost number +2, and a multiplet of scalar fields λ
(commuting and with ghost number −2) and η (anticommuting and with ghost
number −1), both also in Ω0(X, adP ) and which enforce the horizontal projection
M→M/G. The BRST symmetry of the model is given by:
[Q,Aµ] = ψµ,
[Q,Mα] = µα,
[Q, φ] = 0,
{Q, χ+αβ} = H+αβ ,
{Q, να˙} = hα˙,
[Q, λ] = η,
{Q,ψµ} = Dµφ,
{Q, µα } = i [Mα, φ],
[Q,H+αβ ] = i [χ
+
αβ , φ],
[Q, hα˙] = i [να˙, φ],
{Q, η } = i [λ, φ].
(3.29)
This BRST algebra closes up to a gauge transformation generated by φ.
We have to give now the expressions for the different pieces of the gauge
fermion. For the localization gauge fermion we have:
Ψloc = i〈(χ+, ν), s(A,M)〉 − 〈(χ+, ν), (H+, h)〉 =∫
X
√
gTr
{ 1
4
χ+αβ
(
H+αβ + 2i(F+αβ + [M
(α
,Mβ)])
)
+
1
2
ν¯α˙
(
hα˙ − i
√
2Dαα˙Mα
)− 1
2
να˙
(
h¯α˙ − i
√
2Dαα˙Mα
) }
,
(3.30)
and for the projection gauge fermion, which enforces the horizontal projection,
Ψproj = 〈λ, C†(ψ, µ)〉g =∫
X
√
gTr
{
λ
(−Dµψµ + i
2
[µ¯α,Mα]− i
2
[M
α
, µα]
) }
.
(3.31)
As in the previous case, it is necessary to add an extra piece to the gauge
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fermion to make full contact with the corresponding twisted supersymmetric the-
ory. In this case, this extra term is:
Ψextra = −
∫
X
√
gTr
{ i
2
λ[η, φ]
}
. (3.32)
It is now straightforward to see that, after making the following redefinitions,
A′ = A,
ψ′ =
1
2
ψ,
φ′ =
1
2
√
2
φ,
λ′ = −2
√
2λ,
η′ = −2η,
M ′ = M,
M
′
=
1
2
M,
µ′ = − 1√
2
µ,
µ¯′ = − 1
2
√
2
µ¯,
χ′+ = χ+,
H ′+ = H+,
ν′ = −2ν,
ν¯′ = −ν¯,
h′ = 2h,
h¯′ = −h¯,
(3.33)
one recovers, in terms of the primed fields, the twisted model summarized in (2.47)
and (2.51).
3.3. The Amphicheiral Theory
The relevant basic equations for this model involve the self-dual part of the
gauge connection F+ and a certain real vector field Vµ taking values in the adjoint
representation of some finite dimensional compact Lie group G:


F+µν − i[Vµ, Vν ]+ = 0,(D[µVν] )− = 0,
DµV µ = 0.
(3.34)
The topological framework
The geometrical setting is a certain compact, oriented Riemannian four-
manifold X , and the field space is M = A× Ω1(X, adP ), where A is the space of
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connections on a principal G-bundle P → X , and the second factor denotes, as we
have already seen before, 1-forms on X taking values in the Lie algebra of G. The
group G of gauge transformations of the bundle P has an action on the field space
which is given locally by:
g∗(A) = i(dg)g−1 + gAg−1,
g∗(V ) = gV g−1,
(3.35)
where V ∈ Ω1(X, adP ) and A is the gauge connection. In terms of the covariant
derivative dA = d + i[A, ], the infinitesimal form of the transformations (3.35),
with g = exp(−iC) and C ∈ Ω0(X, adP ), takes the form:
δg(C)A = dAC,
δg(C)V = i[V, C].
(3.36)
The tangent space to the field space at the point (A, V ) is the vector space
T(A,V )M = Ω1(A)(X, adP ) ⊕ Ω1(V )(X, adP ), where Ω1(A)(X, adP ) denotes the tan-
gent space to A at A, and Ω1(V )(X, adP ) denotes the tangent space to Ω1(X, adP )
at V . On T(A,V )M, the gauge-invariant Riemannian metric (inherited from that
on X) is defined as:
〈(ψ, ψ˜), (θ, ω˜)〉 =
∫
X
Tr(ψ ∧ ∗θ) +
∫
X
Tr(ψ˜ ∧ ∗ω˜) (3.37)
where ψ, θ ∈ Ω1(A)(X, adP ) and ψ˜, ω˜ ∈ Ω1(V )(X, adP ).
The basic equations (3.34) are introduced in this framework as sections of the
trivial vector bundle V =M×F , where the fibre is in this case F = Ω2,+(X, adP )⊕
Ω2,−(X, adP )⊕Ω0(X, adP ). Taking into account the form of the basic equations,
the section reads:
s(A, V ) =
(−2(F+µν − i[Vµ, Vν ]+), 4(D[µVν] )−,√2DµV µ). (3.38)
The section (3.38), being gauge ad-equivariant, descends to a section s˜ of the
associated vector bundle M ×G F whose zero locus gives precisely the moduli
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space of the topological theory. It would be desirable to compute the dimension of
this moduli space. The relevant deformation complex is the following:
0 −→ Ω0(X, adP ) C−→Ω1(A)(X, adP )⊕ Ω1(V )(X, adP )
ds−→Ω2,+(X, adP )⊕ Ω2,−(X, adP )⊕ Ω0(X, adP ) −→ 0.
(3.39)
The map C : Ω0(X, adP ) −→ TM is given by:
C(C) = (dAC, i[V, C]), C ∈ Ω0(X, adP ), (3.40)
while the map ds : T(A,V )M −→ F is given by the linearization of the basic
equations (3.34):
ds(ψ, ψ˜) =
(−4(D[µψν])+ + 4i[ψ˜[µ, Vν]]+,
4(D[µψ˜ν])− + 4i[ψ[µ, Vν]]−,
√
2Dµψ˜µ +
√
2i[ψµ, V
µ]
)
.
(3.41)
Under suitable conditions, the index of the complex (3.39) computes the dimension
of Ker(ds)/Im(C). To calculate its index, the complex (3.6) can be split up into
the ASD-instanton deformation complex:
(1) 0 −→ Ω0(X, adP ) dA−→Ω1(X, adP )p
+dA−→Ω2,+(X, adP ) −→ 0, (3.42)
and the complex associated to the operator
(2) D = p−dA + d∗A : Ω
1(X, adP ) −→ Ω0(X, adP )⊕ Ω2,−(X, adP ), (3.43)
which is easily seen to correspond to the instanton deformation complex for self-
dual (SD) connections. Thus, the index of the total complex (which gives minus
the virtual dimension of the moduli space) is:
−dim(M) = ind(1)− ind(2) = ind(ASD) + ind(SD) =
= p1(adP ) +
1
2
dim(G)(χ+ σ)− p1(adP ) + 1
2
dim(G)(χ− σ) = dim(G)χ,
(3.44)
where p1(adP ) is the first Pontryagin class of the adjoint bundle adP , χ is the
Euler characteristic of the 4-manifold X and σ is its signature.
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The topological action
We now proceed as in the previous cases. To build a topological theory
out of the moduli problem defined by the equations (3.34), we need the follow-
ing multiplet of fields. For the field space M = A × Ω1(X, adP ) we introduce
the gauge connection Aµ and the one-form Vµ, both commuting and with ghost
number 0. For the (co)tangent space T(A,V )M = Ω1(A)(X, adP ) ⊕ Ω1(V )(X, adP )
we introduce the anticommuting fields ψµ and ψ˜µ, both with ghost number 1
and which can be seen as differential forms on the moduli space. For the fibre
F = Ω2,+(X, adP ) ⊕ Ω2,−(X, adP ) ⊕ Ω0(X, adP ) we have anticommuting fields
with the quantum numbers of the equations, namely a self-dual two-form χ+µν , an
anti-self-dual two-form χ−µν and a 0-form η˜, all with ghost number −1, and their
superpartners, a commuting self-dual two-form N+µν , a commuting anti-self-dual
two-form N−µν and a commuting 0-form P , all with ghost number 0 and which
appear as auxiliary fields in the associated field theory. And finally, associated
to the gauge symmetry, we introduce a commuting scalar field C ∈ Ω0(X, adP )
with ghost number +2, and a multiplet of scalar fields B (commuting and with
ghost number −2) and η (anticommuting and with ghost number −1), both also
in Ω0(X, adP ) and which enforce the horizontal projection M→M/G [28]. The
BRST symmetry of the model is given by:
[Q,Aµ] = ψµ,
[Q, Vµ] = ψ˜µ,
[Q,C] = 0,
{Q, χ+µν} = N+µν ,
{Q, χ−µν} = N−µν ,
{Q, η˜} = P,
[Q,B] = η,
{Q,ψµ} = DµC,
{Q, ψ˜µ } = i [Vµ, C],
[Q,N+µν ] = i [χ
+
µν , C],
[Q,N−µν ] = i [χ
−
µν , C],
[Q,P ] = i [η˜, C],
{Q, η } = i [B,C].
(3.45)
This BRST algebra closes up to a gauge transformation generated by C.
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We have to give now the expressions for the different pieces of the gauge
fermion. For the localization gauge fermion we have:
Ψloc = 〈(χ+, χ−, η˜), s(A, V )〉+ 〈(χ+, χ−, η˜), (N+, N−, P )〉 =∫
X
√
gTr
{ 1
2
χ+µν
(
N+µν − 2F+µν + 2i[V µ, V ν ]+ )
+
1
2
χ−µν
(
N−µν + 4(D[µV ν])− )+ η˜(P +√2DµV µ ) },
(3.46)
while for the projection gauge fermion, which enforces the horizontal projection,
we have:
Ψproj = 〈B, C†(ψ, ψ˜)〉g =
∫
X
√
gTr
{
B
(−Dµψµ + i[ψ˜µ, V µ] ) }. (3.47)
As in the other cases we have studied, it is necessary to add an extra piece to the
gauge fermion to make full contact with the corresponding twisted supersymmetric
theory. In this case, this extra term is:
Ψextra =
∫
X
√
gTr
{ i
2
η[B,C]
}
. (3.48)
It is now straightforward to see that, with the redefinitions
A′ = A,
ψ′ =
1
2
ψ,
C ′ =
1
2
√
2
C,
B′ = −2
√
2B,
η′ = −2η,
V ′ = − 1√
2
V,
ψ˜′ =
1
2
ψ˜,
χ′+ = −χ+,
N ′+ = −N+,
η˜′ = −2
√
2η˜,
P ′ = −2
√
2P,
χ′− = χ−,
N ′− = N−,
(3.49)
one recovers, in terms of the primed fields, the twisted model summarized in (2.76)
and (2.77), which corresponds to the topological symmetry Q.
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It is worth to remark that one could also consider the “dual” problem built
out of the basic equations:


F−µν − i[Vµ, Vν ]− = 0,(D[µVν] )+ = 0,
DµV µ = 0.
(3.50)
The resulting theory corresponds precisely to the second type of theory obtained in
the previous section in our discussion of the third twist. The corresponding action
has the form {Q˜, ψ−} where Q˜ is given in (2.73) and Ψ− is the result of performing
a Z2-transformation (see (2.66)) on the gauge fermion Ψ
+ in (2.75).
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4. Observables
In this section we will analyze the structure of the observables for each of the
three twists. Observables are operators which are Q-invariant but are not Q-exact.
A quick look at the Q-transformations which hold in each twist shows that the
observables are basically the same as in ordinary Donaldson-Witten theory. Indeed,
from (2.29) or (3.11) one finds that the trio, Aµ, ψµ and φ, which is present in the
first twist transform adequately so that the operators,
W0 =Tr(φ
2),
W2 =Tr(
1
2
ψ ∧ ψ + 1√
2
φ ∧ F ),
W1 =−
√
2Tr(φ ∧ ψ),
W3 =− 1
2
Tr(ψ ∧ F ),
(4.1)
satisfy the descent equations,
δWi = dWi−1, (4.2)
which imply that,
O(γj) =
∫
γj
Wj , (4.3)
being γj homology cycles of X , are observables. Of course, as usual, this set can
be enlarged for gauge groups possessing other independent Casimirs besides the
quadratic one. The transformations (2.51) or (3.29) for the second twist, and (2.76)
or (3.45) for the third (after replacing C by φ) show that these other twists possess
a similar set of observables.
Topological invariants are obtained considering the vacuum expectation value
of arbitrary products of observables:
〈
∏
γj
O(γj)〉. (4.4)
The general form of this vacuum expectation value is,
〈
∏
γj
O(γj)〉 =
∑
k
〈
∏
γj
O(γj)〉ke−2piikτ , (4.5)
55
where k is the instanton number and 〈∏γj O(γj)〉k is the vacuum expectation value
computed at a fixed value of k with an action which is Q-exact,
〈
∏
γj
O(γj)〉k =
∫
[df ]ke
{Q,Ψ}∏
γj
O(γj). (4.6)
In this equation [df ]k denotes collectively the measure indicating that only gauge
configurations of instanton number k enter in the functional integral. These quan-
tities are independent of the coupling constant e. When analyzed in the weak
coupling limit the contributions to the functional integral come from field config-
urations which are solutions to the equations which define the moduli problems
which we have associated to each twist in the previous section. All the dependence
of the observables on τ is contained in the sum (4.5).
The Q-symmetry of the theory impossess a selection rule for the products en-
tering (4.4) which could lead to a possibly non-vanishing result: the ghost number
of (4.4) must be equal to the virtual dimension of the corresponding moduli space.
For the first twist this implies that the only observable is the partition function of
the theory. In fact, this is the quantity computed by Vafa and Witten in [5] for
some specific situations to obtain a test of duality. The resulting partition functions
Z(τ) turn out to transform as modular forms under Sl(2,Z) transformations.
For the other two twists the virtual dimension is not zero but it is independent
of the instanton number k. This means that, as in the case of the first twist, one
could obtain contributions from many values of k. Possibly non-trivial topological
invariants for these cases correspond to products of operators (4.4) such that their
ghost number matches the virtual dimension dim(G)(2χ + 3σ)/4 for the case of
the second twist, or dim(G)χ for the case of the third. One important question
is whether or not the vacuum expectation values of these observables have good
modular properties under Sl(2,Z) transformations. We will show in the rest of
this section that in the case of the third twist the vacuum expectation values are
actually independent of τ . Thus, further non-trivial duality tests can be addressed
only in the second twist. We will not consider this issue in this paper.
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As indicated in the introduction and proved in sect. 2, the third twist leads
to a topological quantum field theory which is amphicheiral. We will show now
that in addition this theory possesses the property that the vacuum expectation
values of products of its observables are independent of τ . Thus, in some sense the
invariance under Sl(2,Z) is trivially realized in this case.
In order to study the vacuum expectation values of products of observables
in the third twist we are going to consider the action (2.69) (in its covariantized
form) in which the auxiliary fields appear quadratically. The bosonic part of this
action involving only the field strength Fµν and the vector field Vµ can be written
in three equivalent forms. The form of the action, S = {Q, Ψˆ+}− 2πikτ , leads to,
−
∫
X
d4x
√
gTr
{ 1
2e2
(
F+µν − 2i[V µ, V ν ]+ )2 + 4
e2
(
(D[µV ν])− )2
+
1
e2
(DµV µ )2 }− 2πiτ 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }, (4.7)
the form, S = {Q˜, Ψˆ−} − 2πikτ¯ , to,
−
∫
X
d4x
√
gTr
{ 1
2e2
(
F−µν − 2i[V µ, V ν ]− )2 + 4
e2
(
(D[µV ν])+ )2
+
1
e2
(DµV µ )2 }− 2πiτ¯ 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }, (4.8)
and, finally, the form, S = 12{Q, Ψˆ+}+ 12{Q˜, Ψˆ−} − 2πikRe(τ), to,
−
∫
X
Tr
{ 1
4
(
F µν − 2i[V µ, V ν ] )2 + 2(D[µV ν])2 + (DµV µ )2 }
− 2πiRe(τ) 1
32π2
∫
X
d4x
√
gTr
{ ∗FµνF µν }. (4.9)
Standard arguments in topological quantum field theory show that the weak cou-
pling limit is exact. In the first case this limit implies that the contributions to
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the functional integral correspond to the moduli space defined by the equations
(3.34). Notice that the normalization factor for Vµ in (3.49) has to be taken into
account since (4.7) correspond to the action resulting after twisting. Similarly, in
the second case the weak coupling limit contributions correspond to the moduli
space defined by the equations (3.50). In the third case, however, the contributions
correspond to the solution of the following set of equations:

Fµν − 2i[Vµ, Vν ] = 0,
D[µVν] = 0,
DµV µ = 0,
(4.10)
which define a moduli space which is the intersection of the other two. This is
the moduli space which appears in the formulation of the third twist presented in
[16,17]. Notice that the three points of view lead to three different types of depen-
dence on τ . The first one implies that vacuum expectation values are holomorphic
in τ , the second that they are antiholomorphic, and the third that they depend
only on the real part of τ . We will solve this puzzle showing that actually the
vacuum expectation values are just real numbers and not functions of τ .
We first prove that any solution of (4.10) must involve a gauge connection
whose instanton number is zero. Indeed, from the identity,∫
X
d4x
√
gTr
{ ∗Fµν(F µν − 2i[V µ, V ν ] )− 4 ∗ D[µV ν]D[µVν] }
=
∫
X
d4x
√
gTr
{ ∗FµνF µν }, (4.11)
follows that any solution of (4.10) must have k = 0. This implies that only config-
urations with vanishing instanton number contribute and therefore:
〈
∏
γj
O(γj)〉 = 〈
∏
γj
O(γj)〉k=0, (4.12)
which is clearly independent of τ . From (4.7) and (4.8) follows that for k = 0 a
solution to the equations of the first moduli space (3.34) is also a solution to the
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ones of the second (3.50) and therefore also to the ones of the third (4.10). For
k 6= 0, however, one can have solutions to the equations of the first moduli space
which are not solutions to the equations of the second and therefore neither to the
ones of the third. For k 6= 0 the quantities 〈∏γj O(γj)〉k are different in each point
of view. They clearly vanish in the third case. On the other hand, there is no
reason why they should also vanish in the other two cases. Our results, however,
suggest that they do vanish.
We will end this section discussing a vanishing theorem which tells us when
the third moduli space (4.10) reduces to the moduli space of flat connections. The
equations (4.10) have the immediate solution V = 0, F = 0, that is, the moduli
space of flat connections is contained in the moduli space defined by the equations
(4.10). We will show that under certain conditions both moduli spaces are in fact
the same. To see this note that since,
∫
X
d4x
√
gTr
{ 1
4
(
F µν − 2i[V µ, V ν ] )2 + 2(D[µV ν])2 + (DµV µ )2 } =
=
∫
X
d4x
√
gTr
{DµVνDµV ν +RµνV µV ν + 1
4
FµνF
µν − ([Vµ, Vν ])2 },
(4.13)
it follows that if the Ricci tensor is such that
RµνV
µV ν > 0 for V 6= 0, (4.14)
the solutions to the equations (4.10) are necessarily of the form V = 0, F = 0, and
thus the moduli space is the space of flat gauge connections on X .
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5. Concluding Remarks
In this paper we have analyzed in full detail the three non-equivalent twists
of N = 4 supersymmetric gauge theory. The first twist leads to a topological
quantum field theory whose observables transform as modular forms under Sl(2,Z)
transformations [5]. The second twist leads to the theory of non-abelian monopoles
in the adjoint representation of the gauge group. In this theory, as in the previous
one, there is a non-trivial dependence on τ and one expects that its observables
have good transformation properties under Sl(2,Z). This is an important issue
that certainly should be addressed. The third twist leads to a topological quantum
field theory which is amphicheiral. We have shown that in this theory the vacuum
expectation values of products of its observables do not depend on k. Hence,
barring possible anomalous dependences in τ like the ones explicitly unveiled in
[5], the theory is trivially invariant under Sl(2,Z) transformations.
The moduli spaces which, from the point of view of the Mathai-Quillen for-
malism, correspond to each twisted theory have been identified. In the third twist,
due to the amphicheiral character of the topological quantum field theory one finds
three different moduli spaces defined by the equations (3.34), (3.50) and (4.10).
These moduli spaces coincide when the integral of the Chern class of the gauge
field vanishes. We have shown that only the k = 0 sector contributes to the func-
tional integral, leading to topological invariants which, therefore, do not depend
on τ .
Of the three topological quantum field theories, the one corresponding to the
second twist is not valid on arbitrary oriented four-manifolds. This theory contains
spinors and therefore it only exists for spin manifolds. The generalization of this
theory to arbitrary oriented four-manifolds can be easily done introducing a Spinc
structure following the construction recently presented in [34]. In this construction
the baryon number symmetry of the original physical theory is gauged introducing
a connection which in the twisted theory is identified with the Spinc connection.
We finish by making the remark that the topological quantum field theories
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originated from N = 4 supersymmetric gauge theories are not the only ones which
can lead to a theory with a non-trivial dependence on τ . Any conformally invariant
N = 2 supersymmetric gauge theory would have the same property. This is for
instance the case for an N = 2 supersymmetric gauge theory with gauge group
SU(Nc) and 2Nc hypermultiplets in the fundamental representation. These theo-
ries should be studied along the lines of this paper and the duality properties of
the resulting topological quantum field theory should be analyzed.
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APPENDIX
We will now summarize the conventions used in this paper. Basically we will
describe the elements of the positive and negative chirality spin bundles S+ and
S− on a four-dimensional spin manifold X endowed with a vierbein emµ and a spin
connection ωmnµ . The spaces of sections of the spin bundles S
+ and S− correspond,
from the field-theory point of view, to the set of two-component Weyl spinors
defined on the manifold X . These are the simplest irreducible representations of
the holonomy group SO(4). We will denote positive-chirality (or negative-chirality)
spinors by indices α, β, . . . = 1, 2 (or α˙, β˙, . . . = 1, 2). Spinor indices are raised and
lowered with the SU(2) invariant tensor Cαβ (or Cα˙β˙) and its inverse C
αβ (or
Cα˙β˙), with the conventions C21 = C
12 = +1, so that,
CαβC
βγ = δα
γ ,
C
α˙β˙
C β˙γ˙ = δα˙
γ˙ ,
CαβC
γδ = δα
δδβ
γ − δαγδβδ,
C
α˙β˙
C γ˙δ˙ = δα˙
δ˙δ
β˙
γ˙ − δα˙γ˙δβ˙ δ˙.
(A.1)
The spinor representations and the vector representation associated to S+×S−
are related by the Clebsch-Gordan σmαα˙ = (i1, ~τ) and σ¯
mα˙α = (i1,−~τ ), where 1
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is the 2× 2 unit matrix and ~τ = (τ1, τ2, τ3) are the Pauli matrices,
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 −i
i 0
)
, τ3 =
(
1 0
0 −1
)
. (A.2)
The Pauli matrices satisfy:
τaτb = iǫabcτc + δab1, (A.3)
where ǫabc is the totally antisymmetric tensor with ǫ123 = 1.
Under an infinitesimal SO(4) rotation a Weyl spinor Mα, α = 1, 2, associated
to S+, transforms as:
δMα =
i
2
ǫmn(σ
mn)α
βMβ , (A.4)
where ǫmn = −ǫnm are the infinitesimal parameters of the transformation. On the
other hand, a Weyl spinor N α˙, α˙ = 1, 2, associated to S−, transforms as,
δN α˙ =
i
2
ǫmn(σ¯mn)
α˙
β˙
N β˙ . (A.5)
The matrices σmn and σ¯mn are antisymmetric in m and n and are defined as
follows:
σmnα
β =
i
2
σ[mαα˙σ¯
n]α˙β , σ¯mnα˙
β˙
=
i
2
σ¯[mα˙ασn]
αβ˙
. (A.6)
They satisfy the self-duality properties,
σmn =
1
2
ǫmnpqσpq, σ¯
mn = −1
2
ǫmnpqσ¯pq, (A.7)
and the SO(4) algebra,
[σmn, σpq] = i(δmpσnq − δmqσnp − δnpσmq + δnqσmp). (A.8)
The same algebra is fulfilled by σ¯mn.
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Let us consider the covariant derivative Dµ on the manifold X . Acting on an
element of Γ(X,S+) it has the form:
DµMα = ∂µMα +
i
2
ωmnµ (σmn)α
βMβ , (A.9)
where ωmnµ is the spin connection. Defining Dαα˙ as,
Dαα˙ = (σn)αα˙e
nµDµ, (A.10)
where enµ is the vierbein on X , the Dirac equation for M ∈ Γ(X,S+) and N ∈
Γ(X,S−) can be simply written as,
Dαα˙M
α = 0, Dαα˙N
α˙ = 0. (A.11)
Let us now introduce a principal G-bundle P → X with its associated con-
nection one-form A, and let us consider that the Weyl spinors Mα realize locally
an element of Γ(S+ ⊗ adP ), i.e., they transform under a G gauge transformation
in the adjoint representation –indeed, adP is the vector bundle associated to P
through the adjoint representation of the gauge group on its Lie algebra:
δMaα = i[Mα, φ]
a = −i(T c)abMbαφc, (A.12)
where (T a)bc = −ifabc, a = 1, · · · , dim(G), are the generators of G in the adjoint
representation, which are traceless and chosen to be hermitian and are normal-
ized as follows: Tr (T aT b) = δab. In (A.12) φa, a = 1, · · · , dim(G), denote the
infinitesimal parameters of the gauge transformation.
In terms of the gauge connection A, the covariant derivative (A.9) can be
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promoted to a full covariant derivative acting on sections in Γ(X,S+ ⊗ adP ),
DµMα = ∂µMα + i
2
ωmnµ (σmn)α
βMβ + i[Aµ,Mα], (A.13)
and its analogue in (A.10):
Dαα˙ = (σn)αα˙enµDµ. (A.14)
In terms of the full covariant derivative the Dirac equations (A.11) become:
Dαα˙Mα = 0, Dαα˙N α˙ = 0. (A.15)
Given an element of Γ(X,S+ ⊗ adP ), Mα = (a, b) we define Mα = (a∗, b∗). In
this way, given M,N ∈ Γ(X,S+⊗adP ), the gauge-invariant quantity entering the
metric
1
2
Tr
(
M
α
Nα +N
α
Mα
)
, (A.16)
is positive definite. With similar arguments the corresponding gauge invariant
metric in the fibre Γ(X,S− ⊗ adP ), which we define as
1
2
Tr
(
M α˙N
α˙ +N α˙M
α˙
)
, (A.17)
for M,N ∈ Γ(X,S− ⊗ adP ), can be seen to be positive definite, too. For self-
dual two-forms Y, Z ∈ Γ(X,Λ2,+T ∗X⊗adP ) ≡ Ω2,+(X, adP ) our definition of the
metric is the following:
〈Y, Z〉 =
∫
X
Tr
(
Y ∧ ∗Z ) = 1
2
∫
X
Tr
(
YµνZ
µν
)
= −1
4
∫
X
Tr
(
YαβZ
αβ
)
, (A.18)
where (Y, Z)αβ = σ
µν
αβ(Y, Z)µν and we have used the identity (Y, Z)αβ(Y, Z)
αβ =
−2(Y, Z)+µν(Y, Z)+µν .
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Acting on an element of Γ(X,S+ ⊗ adP ) the covariant derivatives satisfy:
[Dµ,Dν ]Mα = i[Fµν ,Mα] + i
2
Rµν
mn(σmn)α
βMβ , (A.19)
where Fµν are the components of the two-form field strength:
F = dA+ iA ∧ A, (A.20)
and Rµν
mn the components of the curvature two-form,
Rmn = dωmn + ωmp ∧ ωpn, (A.21)
being ωmn the spin connection one-form. The scalar curvature is defined as:
R = eµme
ν
nRµν
mn, (A.22)
and the Ricci tensor as:
Rκλ = e
µ
menλRµκ
mn. (A.23)
The components of the curvature two-form (A.21) are related to the components
of the Riemann tensor as follows:
Rµνκλ = eκmeλnRµν
mn. (A.24)
The Riemann tensor satisfies the following algebraic properties:
(a) Symmetry:
Rλµνκ = Rνκλµ, (A.25)
(b) Antisymmetry:
Rλµνκ = −Rµλνκ = −Rλµκν = +Rµλκν , (A.26)
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(c) Cyclicity:
Rλµνκ +Rλκµν +Rλνκµ = 0. (A.27)
Notice that (A.27) implies that
ǫµνκσRλµνκ = 0. (A.28)
This result is essential in the verification of the identity (4.11).
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